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Bootstrapping Macroeconometric Models

Ray C. Fair

Abstract

This paper outlines a bootstrapping approach to the estimation and analysis of macroecono-
metric models. It integrates for dynamic, nonlinear, simultaneous equation models the bootstrap-
ping approach to evaluating estimators initiated by Efron (1979) and the stochastic simulation
approach to evaluating models’ properties initiated by Adelman and Adelman (1959). It also
estimates for a particular model the gain in coverage accuracy from using bootstrap confidence
intervals over asymptotic confidence intervals.
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1 Introduction

Considera dynamic,nonlinear,simultaneousequationsmodelof the following
form:

fi(yt , yt−1, . . . , yt−p, xt , αi) = uit , i = 1, . . . , n, t = 1, . . . , T , (1)

whereyt is an n–dimensionalvectorof endogenousvariables,xt is a vectorof
exogenousvariables,and αi is a vector of coefficients. The first m equations
areassumedto bestochastic,with theremainingequationsidentities.Thevector
of error terms,ut = (u1t , . . . , umt)

′, is assumedto be iid with meanzero. The
functionfi maybenonlinearin variablesandcoefficients.It is assumedthatan
estimatoris availablefor obtainingconsistentestimatesof thecoefficients.

Thisspecificationis fairly general.It includesasaspecialcasetheVAR model.
It alsoincorporatesautoregressiveerrors. If theoriginal error termin equationi
follows arth orderautoregressiveprocess,saywit = ρ1iwit−1 + . . .+ρriwit−r +
uit , thenequationi in (1)canbeassumedtohavebeentransformedintoonewith uit

on theright handside.Theautoregressivecoefficientsρ1i . . . ρri areincorporated
into theαi coefficientvector,andadditionallaggedvariablevaluesareintroduced.
This transformationmakesthe equationnonlinearin coefficientsif it were not
otherwise,but this addsno further complicationsbecausethe model is already
allowedto benonlinear.Theassumptionthatut is iid is thusnot asrestrictiveas
it wouldbeif themodelwererequiredto belinearin coefficients.

Thispaperoutlinesabootstrappingapproachto theestimationandanalysisof
the model in (1). Two somewhatseparateliteraturesarerelevantfor this topic.
Thebootstrapwasintroducedin statisticsin 1979by Efron(1979).1 Theliterature
that followed this classicpaperstressedthe useof the bootstrapfor estimation
andtheevaluationof estimators.Earlier,however,AdelmanandAdelman(1959)
hadintroducedin economicsthe ideaof drawingerrorsto analyzetheproperties
of econometricmodels. The literaturethat followed this classicpaperstressed
thestochasticsimulationof largescalemacroeconometricmodels.Thecommon
procedurein this literaturehasbeento draw errorsfrom estimateddistributions
undertheassumptionof normality,althougherrorscanjustaseasilybedrawnfrom
the empiricaldistributionof the estimatedresiduals.The presentpaperfocuses
exclusivelyon the ideaof drawingerrorsfrom the estimatedresiduals,which is
distributionfree,andit usesthesedrawsfor bothestimationandanalysis.

1SeeHall (1992)for thehistoryof resamplingideasin statisticsprior to Efron’spaper.
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While thereisbynowalargeliteratureontheuseof thebootstrapin economics,
mostof it hasfocusedon small time seriesmodels. GoodrecentreviewsareLi
andMaddala(1996),Horowitz (1997),BerkowitzandKilian (2000),andHärdle,
Horowitz, andKreiss(2001). Thepaperclosestto thepresentwork is Freedman
(1984),who consideredthe bootstrappingof the 2SLSestimatorin a dynamic,
linear,simultaneousequationsmodel.Runkle(1987)usedthebootstraptoexamine
impulseresponsefunctionsin VAR models,andKilian (1998)extendedthiswork
to correctfor bias. Thereis alsowork on bootstrappingGMM estimators(see,
for example,Hall andHorowitz (1996)),but thiswork is of limited relevancehere
becauseit doesnotassumeknowledgeof acompletemodel.

In his review of bootstrappingMacKinnon (2002) analyzesan exampleof
a linear simultaneousequationsmodelconsistingof onestructuralequationand
onereducedform equation.He pointsout (p. 14) that “Bootstrappingevenone
equationof asimultaneousequationsmodelis agooddealmorecomplicatedthat
bootstrappingan equationin which all the explanatoryvariablesareexogenous
or predetermined.Theproblemis that thebootstrapDGPmustprovidea way to
generateall of theendogenousvariables,not just oneof them.” In this paperthe
processgeneratingthe endogenousvariablesis the completemodel(1). All the
nonlinearrestrictionson thereducedform coefficientsareaccountedfor.

As mentionedabove,thestandardprocedurein theliteraturethatfollowed the
AdelmanandAdelman(1959)paperhasbeento drawerrorsfrom estimateddis-
tributions. Also, in muchof this literaturecoefficientuncertaintyhasnot been
takeninto account:coefficientestimateshavebeentakento befixed. Early stud-
ies that drew from estimatederror distributionsandtreatedcoefficientestimates
as fixed include Nagar(1969), Evans,Klein, and Saito (1972), Fromm, Klein,
andSchink(1972),Green,Leibenberg,andHirsch (1972),CooperandFischer
(1972),Sowey(1973),Cooper(1974),Garbade(1975),Bianchi, Calzolari,and
Corsi (1976),andCalzolariandCorsi (1977). Whencoefficientestimateshave
not beentakento befixed, theyhavebeendrawnfrom estimateddistributionsof
the coefficientestimates.Studiesthat drew both error termsandcoefficientsin-
cludeSchink(1971),HaitovskyandWallace(1972),CooperandFischer(1974),
Muench,Rolnick,Wallace,andWeiler (1974),Schink(1974),andFair (1980a).

In a theoreticalpaperBrown andMariano(1984)analyzedthe procedureof
drawing errors from the estimatedresidualsfor a static nonlineareconometric
modelwith fixedcoefficientestimates.Forthestochasticsimulationresultsin Fair
(1998)errorsweredrawnfrom theestimatedresidualsfor a dynamic,nonlinear,
simultaneousequationsmodelwith fixedcoefficientestimates,andthismayhave
beenthefirst time thisdistributionfreeapproachwasusedfor suchmodels.
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This papermakestwo contributions. The first is to integratefor dynamic,
nonlinear,simultaneousequationsmodelsthe bootstrapapproachto evaluating
estimatorsandthestochasticsimulationapproachtoevaluatingmodels’properties.
Theprocedurein Section4 for treatingcoefficientuncertaintyhasnot beenused
beforefor thesekindsof models.Thesecondis to estimatethegain in coverage
accuracyfrom usingbootstrapconfidenceintervalsoverasymptoticintervalsfor
a particularmodel(calledthe“US model”). It will beseenthat thegain is fairly
largefor thismodel.

This paperdoesnot provide the theoreticalrestrictionson the model in (1)
thatareneededfor thebootstrapprocedureto bevalid. Assumptionsbeyondiid
errorsandthe existenceof a consistentestimatorareneeded,but thesehavenot
beenworkedout in theliteraturefor themodelconsideredhere.Thispapersimply
assumesthatthemodelmeetswhateverrestrictionsaresufficientfor thebootstrap
procedureto bevalid. Its contributionis to applytheprocedureto themodelin (1)
andto estimatethegainin coverageaccuracyassumingtheprocedureis valid. It
remainsto beseenwhatrestrictionsareneededbeyondiid errorsandaconsistent
estimator.It is thecase,however,thatthebootstrapworkswell regardingcoverage
accuracywhentheUS modelis takento bethe truth. Giventhis, it seemslikely
thattheUSmodelfalls within therequiredconditionsfor validity.

Section2discussestheinitial estimationandintroducestheUSmodel.Section
3 thendiscussestheuseof thebootstrapto evaluatecoefficientestimates,andit
usesthe US model to estimatecoverageaccuracy. Section4 discussesthe use
of the bootstrapto analyzemodels’properties,andSection5 considersvarious
extensions,including the extensionto modelswith rational expectations.The
bootstrapprocedureis appliedin Section6 to theUSmodel.

2 Initial Estimation and Example

Let α denotethe vector of all the unknown coefficientsin the model, α =
(α′

1, . . . , α
′
m)′, andlet u denotethe vectorof errorsfor all the availableperiods,

u = (u′
1, . . . , u

′
T )′, whereut is definedin Section1. It is assumedthataconsistent

estimateof α isavailable,denoted̂α. Thiscouldbe,for example,the2SLSor3SLS
estimateof α. Giventhis estimateandtheactualdata,u canbeestimated.Let û

denotetheestimateof u aftertheresidualshavebeencenteredatzero.2 Statisticsof
2Freedman(1981)hasshownthatthebootstrapcanfail for anequationwith no constantterm

if the residualsarenot centeredat zero. For all the resultsreportedin this papercenteringhas
beendone. Frommodel(1), ûit , anelementof û, is fi(yt , yt−1, . . . , yt−p, xt , α̂i) exceptfor the
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interestcanbecomputed.Thesecanincludet-statisticsof thecoefficientestimates
andpossibleχ2 statisticsfor varioushypotheses.For the resultin Section6 the
Andrews-Plobergerteststatisticis examined,whichtestsfor structuralchange.3 τ

will beusedto denotethevectorof estimatedstatisticsof interest.
The examplethat is usedfor the empirical work is the US model in Fair

(1994). Thereare29 stochasticequations,about100 identities,and164 coef-
ficientsto estimate,countingautoregressivecoefficientsfor theerrors.Themodel
is dynamic,nonlinear,andsimultaneous.The versionusedhereis on the web-
site: http://fairmodel.econ.yale.edu.4 The estimationperiod is 1954:1–2002:3,
195quarterlyobservations,andtheestimationmethodis 2SLS.Thisversiondoes
nothaverationalexpectations.

3 Distribution of the Coefficient Estimates

3.1 The Bootstrap Procedure

Thebootstrapprocedurefor evaluatingestimatorsfor themodelin (1) is:

1. Foragiventrial j , drawu
∗j
t from û with replacementfor t = 1, . . . , T . Use

theseerrorsand α̂ to solvethe model(1) dynamicallyfor t = 1, . . . , T .5

Treatthesolutionvaluesasactualvaluesandestimateα by theconsistent
estimator(2SLS,3SLS,orwhatever).Let α̂∗j denotethisestimate.Compute
alsotheteststatisticsof interest,andletτ ∗j denotethevectorof thesevalues.

2. Repeatstep1 for j = 1, . . . , J .

Step2 givesJ valuesof eachelementof α̂∗j andτ ∗j . Usingthesevalues,confi-
denceintervalsfor thecoefficientestimatescanbecomputed(seebelow). Also,
for theoriginally estimatedvalueof anyteststatistic,onecanseewhereit lies on
thedistributionof theJ values.

adjustmentthatcenterstheresidualsat zero.
3SeeAndrewsandPloberger(1994).
4Oneof thedemandfor moneyequationsin themodelis estimatedundertheassumptionof a

fourthorderautoregressiveerror,andthesumof theautoregressivecoefficientsis closeto one.For
thework in this paperthis equationwasdropped,leaving29 stochasticequationsratherthan30.
This equationis not importantin themodelbecausetheshortterminterestrateis determinedby
anestimatedinterestrateruleof theFed.

5This is just a standarddynamicsimulation,whereinsteadof usingzerovaluesfor the error
termsthedrawnvaluesareused.
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Notethateachtrial generatesa newdataset.Eachdatasetis generatedusing
thesamecoefficientvector(α̂), but in generalthedatasethasdifferenterrorsfor a
periodfrom thosethatexistedhistorically. Notealsothatsincethedrawingis with
replacement,thesameerrorvectormaybedrawnmorethanoncein a giventrial,
while othersmaynot bedrawnat all. All datasetsareconditionalon theactual
valuesof theendogenousvariablesprior to period1 andontheactualvaluesof the
exogenousvariablesfor all periods.

3.2 Estimating Coverage Accuracy

Threeconfidenceintervalsareempiricallyexaminedhere.6 Let β denoteapartic-
ular coefficientin α. Let β̂ denotethebaseestimate(2SLS,3SLS,or whatever)
of β, andlet σ̂ denoteits estimatedasymptoticstandarderror. Let β̂∗j denotethe
estimateof β onthej th trial, andlet σ̂ ∗j denotetheestimatedasymptoticstandard
errorof β̂∗j . Let t∗j equalthet-statistic(β̂∗j − β̂)/σ̂ ∗j . AssumethattheJ values
of t∗j havebeenranked,andlet t∗r denotethevaluebelowwhich r percentof the
valuesof t∗j lie. Finally, let |t∗j | denotetheabsolutevalueof t∗j . Assumethatthe
J valuesof |t∗j | havebeenranked,andlet |t∗|r denotethevaluebelowwhich r

percentof thevaluesof |t∗j | lie. Thefirst confidenceintervalis simply β̂ ±1.96σ̂ ,
which is the95 percentconfidenceinterval from theasymptoticnormaldistribu-
tion. Thesecondis (β̂ − t∗.975σ̂ , β̂ − t∗.025σ̂ ), which is theequal-tailedpercentile-t
interval. Thethird is β̂ ± |t∗|.950σ̂ , which is thesymmetricpercentile-tinterval.

Thefollowing MonteCarloprocedureis usedto examinetheaccuracyof the
threeintervals.Thisprocedureassumethatthedatageneratingprocessis themodel
(1) with truecoefficientsα̂.

a. Foragivenrepetitionk, drawu∗∗k
t from û with replacementfor t = 1, . . . , T .

Usetheseerrorsandα̂ to solvethemodel(1) dynamicallyfor t = 1, . . . , T .
Treatthesolutionvaluesasactualvaluesandestimateα by theconsistent
estimator(2SLS,3SLS,orwhatever).Let α̂∗∗k denotethisestimate.Usethis
estimateandthe solutionvaluesfrom the dynamicsimulationto compute
theresiduals,u, andcenterthemat zero. Let û∗∗k denotetheestimateof u

aftertheresidualshavebeencenteredat zero.7

6SeeLi andMaddala(1996),pp. 118-121,for a review of the numberof waysconfidence
intervalscanbecomputedusingthebootstrap.SeealsoHall (1988).

7Frommodel(1), û∗∗k
it , anelementof û∗∗k, is fi(y

∗∗k
t , y∗∗k

t−1, . . . , y
∗∗k
t−p, xt , α̂

∗∗k
i ) exceptfor the

adjustmentthat centersthe residualsat zero,wherey∗∗k
t−h is the solutionvalueof yt−h from the

dynamicsimulation(h = 0, 1, . . . , p).
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b. Performsteps1and2 in Section3.1,whereû∗∗k replaceŝu andα̂∗∗k replaces
α̂. Computefrom theseJ trials the threeconfidenceintervalsdiscussed
above,whereβ̂∗∗k replacesβ̂ andσ̂ ∗∗k replaceŝσ . Recordfor eachinterval
whetheror not β̂ is outsideof theinterval.

c. Repeatstepsaandb for k = 1, . . . , K.

After completionof theK repetitions,onecancomputefor eachcoefficientand
eachintervalthepercentof therepetitionsthatβ̂ wasoutsidetheinterval. For,say,
a95percentconfidenceinterval,thedifferencebetweenthecomputedpercentand
5 percentis theerrorin coverageprobability.

Thisprocedurewasusedon theUSmodelto examinecoverageaccuracy.For
thisworkbothJ andK weretakentobe350,for atotalof 122,500timesthemodel
wasestimated(by2SLS).Therewere847solutionfailuresoutof the122,500trials,
andthesefailureswereskipped. The job took about40 hourson a 1.7 Ghz PC,
aboutonesecondperestimation.Theresultsaresummarizedin Table1. Rejection
ratesarepresentedfor 12 of thecoefficientsin themodel.Theaveragefor the12
coefficientsis presentedaswell astheaveragefor all 164coefficientsin themodel.
Thestandarddeviationfor the164coefficientsis alsopresented.

Theaveragerejectionrateoverthe164coefficientsis .085for theasymptotic
interval, which comparesto .063 and.056 for the two bootstrapintervals. The
asymptoticdistributionthusrejectstoo often,andthebootstrapdistributionsare
fairly accurate.Althoughnotshownin Table1, theresultsaresimilar if 90percent
confidenceintervalsareused.In this casetheasymptoticrejectionrateaveraged
acrossthe164coefficientsis .145(standarddeviationof .055).Thecorresponding
valuesfor the two bootstrapintervalsare .113 (standarddeviationof .030) and
.107(standarddeviationof .029).As notedin Section1, giventhegoodbootstrap
resultsit seemslikely that theUS modelfalls within the requiredconditionsfor
validity of thebootstrap.

4 Analysis of Models’ Properties

The bootstrapprocedureis extendedin this sectionto evaluatingpropertiesof
modelslike (1). The errorsaredrawnfrom the residuals,which is contraryto
whathasbeendonein thepreviousliteratureexceptfor Fair (1998). Also, asin
Section3.1, thecoefficientsareestimatedon eachtrial. In thepreviousliterature
the coefficientestimateseitherhavebeentakento be fixed or havebeendrawn
from estimateddistributions.
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Table 1
Estimated Coverage Accuracy for the US Model

Percentof Rejectionsusing
95PercentConfidenceIntervals

a b c

CS equation
ldv .140 .066 .066
income .100 .049 .057

CN equation
ldv .123 .066 .066
income .126 .063 .043

CD equation
ldv .143 .051 .066
income .131 .086 .071

PF equation
ldv .074 .057 .049
PIM .069 .040 .040
UR .043 .037 .040

RS equation
ldv .074 .080 .066
inflation .089 .077 .069
UR .051 .057 .051

Average(12) .097 .061 .057

Average(164) .085 .063 .056
SD(164) .045 .022 .020

Notes:
a: Asymptoticconfidenceinterval.
b: Bootstrapequal-tailedpercentile-tinterval.
c: Bootstrapsymmetricpercentile-tinterval.
Average(12)= Averagefor the12coefficients.
Average(164)= Averagefor all 164coefficients.
SD(164)= Standarddeviationfor all 164coefficients
ldv: laggeddependentvariable,CS:consumptionof services,
CN: consumptionof nondurables,CD: consumptionof durables,
PF:privatenonfarmdeflator,RS:three-monthTreasurybill rate,
PIM: import pricedeflator,UR: unemploymentrate.

Whenexaminingthepropertiesof models,oneis usuallyinterestedin aperiod
smallerthantheestimationperiod.Assumethattheperiodof interestis s through
S, wheres ≥ 1 andS ≤ T . Thebootstrapprocedurefor analyzingpropertiesis:

1. For a given trial j , draw u
∗j
t from û with replacementfor t = 1, . . . , T .

Usetheseerrorsandα̂ to solvethemodel(1) dynamicallyfor t = 1, . . . , T .

7Fair: Bootstrapping Macroeconometric Models
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Treatthesolutionvaluesasactualvaluesandestimateα by theconsistent
estimator(2SLS,3SLS,or whatever).Let α̂∗j denotethisestimate.Discard
thesolutionvalues;theyarenotusedagain.

2. Drawu
∗j
t from û with replacementfor t = s, . . . , S.8 Usetheseerrorsand

α̂∗j tosolvethemodel(1)dynamicallyfor t = s, . . . , S. Recordthesolution
valueof eachendogenousvariablefor eachperiod.Thissimulationusesthe
actual(historical)valuesof the variablesprior to periods, not the values
usedin computingα̂∗j .

3. Multiplier experimentscanbeperformed.Firstsolvethemodelfor periods

throughS usingα̂∗j andthedrawnerrors.Recordthesolutionvaluesof the
endogenousvariables.Thenchangeoneor moreexogenousvariablesand
solveagain.Thedifferencebetweenthesecondsolutionvalueandthefirst
for a givenendogenousvariableandperiodis themodel’sestimatedeffect
of thechange.Recordthesedifferences.

4. Repeatsteps1, 2, and3 for j = 1, . . . , J .

5. Step4 givesJ valuesof eachendogenousvariablefor eachperiod. It also
givesJ valuesof eachdifferencefor eachperiodif a multiplier experiment
hasbeenperformed.

A distributionofJ predictedvaluesof eachendogenousvariablefor eachperiod
is now availableto examine.Onecancompute,for example,variousmeasuresof
dispersion,which are estimatesof the accuracyof the model. Probabilitiesof
specificeventshappeningcanalsobecomputed.If, say,oneis interestedin the
eventof two or moreconsecutiveperiodsof negativegrowthin realoutputin the
s throughS period,onecancomputethenumberof timesthis happenedin theJ

trials. If amultiplierexperimenthasbeenperformed,adistributionof J differences
for eachendogenousvariablefor eachperiodis alsoavailableto examine.This
allowstheuncertaintyof policy effectsin themodelto beexamined.9

8If desired,theseerrorscanbethesameerrorsdrawnin step1 for thes throughS period.With
a largeenoughnumberof trials,whetheronedoesthisor insteaddrawsnewerrorsmakesa trivial
difference.It is assumedherethatnewerrorsaredrawn.

9The useof stochasticsimulationto estimateeventprobabilitieswas first discussedin Fair
(1993b),wherethecoefficientestimatesweretakentobefixedanderrorsweredrawnfromestimated
distributions. Estimatingthe uncertaintyof multiplier or policy effectsin nonlinearmodelswas
first discussedin Fair (1980b),whereboth errorsand coefficientswere drawn from estimated
distributions.
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If thecoefficientestimatesaretakento befixed, thenstep1 aboveis skipped.
The samecoefficientvector(α̂) is usedfor all the solutions. Although in much
of thestochasticsimulationliteraturecoefficientestimateshavebeentakento be
fixed, this is not in the spirit of the bootstrapliterature. From a bootstrapping
perspective,theobviousprocedureto follow aftertheerrorshavebeendrawnis to
first estimatethemodelandthenexamineits properties,which is whattheabove
proceduredoes.

˜ ˜

5 Extensions

Bias Correction

Since2SLSand3SLSestimatesarebiased,it maybeusefulto usethebootstrap
procedureto correctfor bias. This is especiallytrue for estimatesof laggedde-
pendentvariablecoefficients.It hasbeenknownsincethework of Orcutt (1948)
andHurwicz (1950)that leastsquaresestimatesof thesecoefficientsarebiased
downwardsevenwhenthereareno right handsideendogenousvariables.

In the presentcontexta bias-correctionprocedureusing the bootstrapis as
follows.

1. Fromstep2 in Section3.1 thereareJ valuesof eachcoefficientavailable.
Computethemeanvaluefor eachcoefficient,andlet ᾱ denotethevectorof
themeanvalues.Letγ = ᾱ−α̂, theestimatedbias.Computethecoefficient
vectorα̂−γ andusethecoefficientsin thisvectortoadjusttheconstantterm
in eachequationso that themeanof theerror termsis zero. Let α̃ denote
α̂−γ exceptfor theconstantterms,whichareasadjusted.α̃ is thentakento
betheunbiasedestimateof α. Let θ denotethevectorof estimatedbiases:
θ = α̂ − α̃.

2. Using α̃ andtheactualdata,computetheerrors.Denotetheerrorvectoras
u. (u is centeredat zerobecauseof theconstanttermadjustmentin step1.)

3. The stepsin Section4 can now be performedwhereα̃ replacesα̂ and ũ

replaceŝu. Theonlydifferenceis thatafterthecoefficientvectorisestimated
by 2SLS,3SLS,or whatever,it hasθ subtractedfrom it to correctfor bias.
In otherwords,subtractθ from α̂∗j oneachtrial.10

10Onecould for eachtrial do a bootstrapto estimatethebias—abootstrapwithin a bootstrap.

9Fair: Bootstrapping Macroeconometric Models
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Theexamplein Section6 examinesthesensitivityof someof theresultsto thebias
correction.

Optimal Control

At the point wheremultiplier experimentsarediscussedabove,optimal control
experimentscanalsobeperformed.Assumethattheperiodof interestis s through
S andthattheobjectiveis to maximizetheexpectedvalueof W , whereW is

W =
S∑

t=s

gt (yt , xt ) (2)

Let zt be the vectorof control variables,wherezt is a subsetof xt , andlet z be
the vectorof all the control values: z = (zs, . . . , zS). Underthe assumptionof
certaintyequivalence,thecontrolproblemis solvedat thebeginningof periods

by settingtheerrorsfor periods andbeyondequalto zero. If this is done,then
for eachvalue of z one can computea value of W by first solving the model
for ys, . . . , yS andthenusing thesevaluesalongwith the valuesfor xs, . . . , xS

to computeW in (2). Statedthis way, the optimal control problemis choosing
variables(the elementsof z) to maximizean unconstrained nonlinearfunction.
By substitution,the constrainedmaximizationproblemis transformedinto the
problemof maximizinganunconstrainedfunctionof thecontrolvariables:

W = 	(z) (3)

where	 standsfor themappingz −→ ys, . . . , yS, xs, . . . , xS −→ W . Giventhis
setup,theproblemcanbeturnedoverto a nonlinearmaximizationalgorithmlike
Davidon-Fletcher-Powell(DFP).Foreachiterationof thealgorithm,thederivatives
of 	 with respectto theelementsof z, whichareneededby thealgorithm,canbe
computednumerically.An algorithmlike DFPis generallyquitegoodat finding
theoptimumfor a typical controlproblem.11

Thebasecoefficientswould be α̂∗j andthebasedatawould bethegenerateddataon trial j . This
is expensive,andan approximationis simply to useθ on eachtrial. This is the procedureused
by Kilian (1998)in estimatingconfidenceintervalsfor impulseresponsesin VAR models.Kilian
(1998)alsodoes,whennecessary,a stationarycorrectionto thebiascorrectionto avoidpushing
stationaryimpulseresponseestimatesinto thenonstationaryregion.This typeof adjustmentis not
pursuedhere.

11SeeFair (1974)for variousapplicationsof thisprocedure.
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At eachtrial j onecansolvethis problem. Let z
∗j
s be thecomputedoptimal

valueof zs on trial j . This is the valuethat would be implementedfor periods

by the control authority.12 At the endonehasa distributionof the J valuesof
z
∗j
s , which canbe examined.Note that z∗j

s variesacrosstrials only becausethe
coefficientestimatesvary. Theerrorsthataredrawnfor trial j for periodss through
S don’t matterbecauseof theuseof certaintyequivalence.Thedistributionof the
z
∗j
s valuesthusindicateshowsensitivethecontrolvaluesareto theuncertaintyin

thecoefficientestimates.

Rational Expectations

Considermodel(1) with rationalexpectations:

fi(yt , yt−1, . . . , yt−p, Et−1yt , Et−1yt+1, . . . , Et−1yt+h, xt , αi) = uit ,

(i = 1, . . . , n), (t = 1, . . . , T ),
(4)

whereEt−1 is the conditionalexpectationsoperatorbasedon the modelandon
informationthroughperiodt − 1.

Thebootstrapprocedurerequiresinitial consistentestimatesof theαi . It also
requires,of course,theability tosolvethemodelgivenasetof coefficientestimates.
Variousmodificationsof the2SLSestimatorareavailablefor estimatingequations
with rationalexpectations,andsooneof thesecouldbeused.13 Therearealsoa
numberof methodsfor solvingrationalexpectationsmodelslike (4). Onemethod
thatgenerallyworkswell is the “extendedpath” (EP)methodin Fair andTaylor
(1983,1990). The solutionmethodsassumethat agentsform their expectations
at thebeginningof periodt by settingtheerrorsfor periodt andbeyondto zero
andthensolving themodel. Estimationandsolutionmethodsarethusavailable
for allowing the abovebootstrapprocedureto be usedfor modelswith rational
expectations.

Whenestimatingorsolving(4)for, say,periods1throughT , databeyondperiod
T areneeded,andso the periodanalyzedmustendbeforethe actualendof the
historicaldata.It shouldalsobenotedthatif asingleequationestimationmethod
is used,theexpectationsusedby theestimationmethodarenot theexpectations
that onegetswhen the overall model is solvedafter the coefficientshavebeen

12The control problemalsocalculatesthe optimal valuesfor periodss + 1 throughS, but in
practicethesewouldneverhaveto beimplementedbecausea newproblemcouldbesolvedat the
beginningof periods + 1 afterperiods wasrealized.This is the“open-loopfeedback”approach.

13SeeFair (1993a)for a reviewof theseestimators.
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ˆ

estimated.In otherwords,theexpectationsusedby theestimationmethodarenot
modelconsistent.This meansthatonehasto becarefulin computingtheerrors
(u) after thecoefficientsareestimated(α̂ computed).For example,theerrorsfor
period1 arecomputedby first solving the model to get the expectations.This
is doneby using the historical dataprior to period 1 and settingthe errorsfor
period1 andbeyondto zero. Oncetheexpectationsarecomputed,theerrorsfor
period 1 are computedusing theseexpectationvaluesand the actualvaluesof
theendogenousvariablesfor period1. Theprocessis thenrepeatedfor period2,
wheretheexpectationsarecomputedusingthehistoricaldataprior to period2 and
settingtheerrorsfor period2 andbeyondto zero.Theprocesscontinuesthrough
periodT . Onceû is computed,thebootstrapprocedurecanproceedasin Sections
3 and4.

6 An Example

In this sectiontheoverallbootstrapprocedureis appliedto theUS model,where
theestimationperiodis 1954:1–2002:3andtheestimationmethodis 2SLS.

Thecalculationswererun in onelargebatchjob. Themainstepswere:

1. Estimatethe29equationsby2SLSfor 1954:1–2002:3.Computestandarder-
rorsof thecoefficientestimates,andperformtheAndrews-Ploberger(1994)
(AP) teston selectedequations.Usingthe2SLSestimatesandzerovalues
for theerrors,solvethemodeldynamicallyfor 2000:4-2002:3andperforma
multiplier experimentfor thisperiod.Usingtheactualdataandthe2SLSes-
timates,computethe29-dimensionalerrorvectorsfor 1954:1–2002:3(195
vectors).

2. Do the following 2000times: 1) drawwith replacement195errorvectors
from theresidualvectorsfor 1954:1–2002:3,2) usingthedrawnerrorsand
the2SLSestimatesfrom step1, solvethemodeldynamicallyfor 1954:1–
2002:3to getnewdata,3) usingthenewdata,estimatethemodelby 2SLS,
computet-statisticsfor thecoefficientestimates,andperformtheAP tests,
4) resetthedataprior to 2000:4to theactualdata,5) drawwith replacement
8 error vectorsfrom the residualvectorsfor 2000:4–2002:3,6) using the
new2SLSestimatesandthedrawnerrors,solvethemodeldynamicallyfor
2000:4–2002:3andperformthemultiplier experimentfor thisperiod.
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3. Step2 givesfor eachequation2000valuesof eachcoefficientestimate,t-
statistic,andAPstatistic.It alsogives2000predictedvaluesof eachendoge-
nousvariablefor eachquarterwithin 2000:4–2002:3and2000differences
for eachendogenousvariableandeachquarterfrom themultiplier experi-
ment. Thesevaluescanbeanalyzedasdesired.Someexamplesaregiven
below. Steps4-6 thatfollow arethebias-correctioncalculations.

4. Fromthe2000valuesfor eachcoefficient,computethemeanandthensub-
tract the meanfrom twice the 2SLScoefficientestimatefrom step1. Use
thesevaluesto adjusttheconstanttermin eachequationsothatthemeanof
theerrortermsis zero.Usingthesecoefficients(includingtheadjustedcon-
stantterms),recordthedifferencesbetweenthe2SLScoefficientestimates
from step1 andthesecoefficients.Call thevectorof thesevaluesthe“bias-
correctionvector.” Usingthenewcoefficientsandzerovaluesfor theerrors,
solvethemodeldynamicallyfor 2000:4–2002:3andperformthemultiplier
experimentfor this period. Using theactualdataandthenewcoefficients,
computethe29-dimensionalerrorvectorsfor 1954:1–2002:3(195vectors).

5. Do the following 2000times: 1) drawwith replacement195errorvectors
from theresidualvectorsfrom step4 for 1954:1–2002:3,2) usingthedrawn
errorsand the coefficientsfrom step4, solve the model dynamically for
1954:1–2002:3to getnewdata,3) usingthenewdata,estimatethemodel
by 2SLSandadjustthe estimatesfor biasusingthe bias-correctionvector
from step4, 4) resetthe dataprior to 2000:4to the actualdata,5) draw
with replacement8 error vectorsfrom the residualvectorsfrom step4 for
2000:4–2002:3,6) usingthenewcoefficientestimatesandthedrawnerrors,
solvethemodeldynamicallyfor 2000:4–2002:3andperformthemultiplier
experimentfor thisperiod.

6. Step5 gives2000predictedvaluesof eachendogenousvariablefor each
quarterwithin 2000:4–2004:1and 2000 differencesfor eachendogenous
variableandeachquarterfrom themultiplier experiment.

Thesamesequenceof randomnumberswasusedfor theregularcalculations
(steps1-3)aswasusedfor thebias-correctioncalculations(steps4-6). Thislessens
stochasticsimulationerror in comparisonsbetweenthetwo setsof results.If the
modelfailed to solvefor a giventrial (eitherfor the1954:1–2002:3periodor the
2000:4–2002:3period),thetrial wasskipped.No failuresoccurredfor theregular
calculations,but therewere5 failuresoutof the2000trials for thebias-correction
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calculations.Eachtrial takesaboutonesecondon a 1.7 GhzPC usingtheFair-
Parke(1995)program.

Table2 presentssomeresultsfrom step2 for thecoefficientestimates.Results
for 12 coefficientsfrom 5 equationsare presented.The 5 equationsare three
consumptionequations,apriceequation,andaninterestraterule. Thecoefficients
arefor thelaggeddependentvariablein eachequation,incomein eachconsumption
equation,the price of importsandthe unemploymentratein the price equation,
andinflation andtheunemploymentratein theinterestraterule. Thesearesome
of themaincoefficientsin themodel.

The first threecolumnsshow the 2SLS estimate,the meanfrom the 2000
trials, andthe ratio of the two. As expected,the meanis smallerthanthe 2SLS
estimatefor all thelaggeddependentvariablecoefficients:the2SLSestimatesof
thesecoefficientsarebiaseddownwards.Thesmallestratio is 0.966,abiasof 3.4
percent.

Column4 givestheasymptoticconfidenceintervals;column5 givestheconfi-
denceintervalsusingtheequal-tailedpercentile-tinterval;andcolumn6 givesthe
symmetricpercentile-tintervalusingtheabsolutevaluesof thet-statistics.These
columnsshowthattheasymptoticintervalstendto benarrowerthanthebootstrap
intervals. In 19 of the24 casestheleft valuefor theasymptoticinterval is larger
thanthe left valuefor the bootstrapinterval, andin 19 of the 24 casesthe right
valuefor theasymptoticinterval is smallerthanthe right valuefor thebootstrap
interval.Theasymptoticintervalswill thustendto rejectmoreoftenthantheboot-
strapintervals. It wasseenin Section3.2 that theasymptoticinterval rejectstoo
often.

Table3presentsresultsfor theAPtestfor fiveequations:thethreeconsumption
equations,a housinginvestmentequation,andthe price equation.14 The overall
sampleperiodis 1954:1–2002:3,andtheperiodfor a possiblebreakwastakento
be 1970:1-1979:4.(An advantageof theAP testis that the possiblebreakpoint
canbe specifiedto be within a periodratherthana particularquarter.) Table3
givesfor eachequationthecomputedAP value,thebootstrapconfidencevalues,
andtheasymptoticconfidencevalues.Theasymptoticconfidencevaluesaretaken
from Table1 in AndrewsandPloberger(1994).Thevalueof λ in theAP notation
for the presentresultsis 2.29. The bootstrapconfidencevaluesfor an equation
arecomputedusingthe2000valuesof theAP statistic. The5 percentvalue,for
example,is thevalueabovewhich100of theAP valueslie.

14Thetestwasnotperformedfor theinterestraterulebecausetheequationis alreadyestimated
undertheassumptionof achangein Fedbehaviorin the1979:4–1982:3period.
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Table 2
Confidence Intervals for Selected Coefficients

(1) (2) (3) (4) (5) (6)
β̂ β̄ (2)/(1) a b c

CS equation
ldv 0.7873 0.7609 0.966 0.7215 0.7449 0.7031

0.8531 0.8827 0.8716
income 0.1058 0.1163 1.099 0.0613 0.0458 0.0516

0.1504 0.1415 0.1601
CN equation
ldv 0.7823 0.7565 0.967 0.7219 0.7442 0.7026

0.8427 0.8718 0.8621
income 0.0973 0.1134 1.165 0.0575 0.0393 0.0461

0.1372 0.1241 0.1486
CD equation
ldv 0.3294 0.3720 1.129 0.2226 0.1755 0.1913

0.4362 0.3979 0.4675
income 0.1077 0.1218 1.131 0.0701 0.0532 0.0591

0.1453 0.1291 0.1564
PF equation
ldv 0.8806 0.8715 0.990 0.8487 0.8580 0.8426

0.9125 0.9246 0.9186
PIM 0.0480 0.0477 0.994 0.0440 0.0442 0.0438

0.0520 0.0525 0.0522
UR -0.1780 -0.1787 1.004 -0.2238 -0.2239 -0.2266

-0.1322 -0.1280 -0.1293
RS equation
ldv 0.9092 0.9026 0.993 0.8834 0.8870 0.8812

0.9349 0.9398 0.9371
inflation 0.0803 0.0848 1.057 0.0549 0.0520 0.0538

0.1056 0.1023 0.1067
UR -0.1128 -0.1123 0.995 -0.1699 -0.1716 -0.1713

-0.0558 -0.0545 -0.0543

Notes:
a: β̂ − 1.96σ̂ b: β̂ − t∗.975σ̂ c: β̂ − |t∗|.950σ̂

β̂ + 1.96σ̂ β̂ − t∗.025σ̂ β̂ + |t∗|.950σ̂

β̂ = 2SLSestimate;̂σ = estimatedasymptoticstandarderrorof β̂.
β̄ = meanof thevaluesof β̂∗j , whereβ̂∗j is theestimateof β

on thej th trial.
t∗r = valuebelowwhich r percentof thevaluesof t∗j lie,

wheret∗j = (β̂∗j − β̂)/σ̂ ∗j ,
whereσ̂ ∗j is theestimatedasymptoticstandarderrorof β̂∗j .

|t∗|r = valuebelowwhich r percentof thevaluesof |t∗j | lie.
SeeTable1 for variablenotation.
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Table 3
Results for the AP Tests

Bootstrap Asymptotic
# of

Eq. coefs. AP 1% 5% 10% 1% 5% 10%

CS 9 21.18 17.47 13.84 12.15 11.16 8.96 7.77
CN 9 14.67 14.50 12.16 10.64 11.16 8.96 7.77
CD 9 12.76 16.48 12.76 11.23 11.16 8.96 7.77
IH 7 7.17 13.25 10.62 9.35 9.50 7.31 6.28
PF 6 12.77 10.72 8.07 6.85 8.70 6.51 5.58

Notes:
IH: Housinginvestment;seeTable1 for othernotation.
Sampleperiod:1954:1–2002:3.
Periodfor possiblebreak:1970:1–1979:4.
Valueof λ = 2.29.
AsymptoticvaluesfromAndrewsandPloberger(1994),Table1.

Thereis a clearpatternin Table3, which is that the asymptoticconfidence
valuesaretoo low. They leadto rejectionof the null hypothesisof stability too
often. Relying on the asymptoticvaluesfor theAP test thusappearsto be too
harsh.

Table4 presentsresultsfor the simulationsfor 2000:4–2002:3.Resultsfor
four variablesarepresented:thelog of realGDP,thelog of theGDPdeflator,the
unemploymentrate,andthe three-monthTreasurybill rate. Four setsof results
arepresented:with andwithout coefficientuncertaintyandwith andwithoutbias
correction.15 Considerthefirst setof results(upperleft corner)in Table4. The
first columngivesthe deterministicprediction(basedon settingthe error terms
to zero and solving once),and the secondgives the medianvalue of the 2000
predictions.Thesetwo valuesarecloseto eachother,which meansthereis little
biasin thedeterministicprediction.Thethirdcolumngivesthedifferencebetween
themedianpredictedvalueandthepredictedvaluebelowwhich 15.87percentof
the valueslie, andthe fourth columngivesthe differencebetweenthe predicted
valueabovewhich 15.87percentof the valueslie andthe medianvalue. For a
normaldistributionthesetwo differencesarethe sameand equal one standard

15Theresultswithout coefficientuncertaintywereobtainedin a separatebatchjob. This batch
job differed from theoneoutlinedat thebeginningof this sectionin that in part6) of step2 the
2SLSestimatesfrom step1 areused,not thenew2SLSestimates.Also, in part6) of step5 the
coefficientsfrom step4 areused,not the new coefficientestimates.For this job therewereno
solutionfailuresfor theregularcalculationsand3 failuresfor thebias-correctioncalculations.
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Table 4
Simulation Results for 2000:4–2002:3

Var. h Ŷ Y.5 left right Y.5 left right

No
Coefficient Uncertainty Coefficient Uncertainty

No Bias Correction
gdrp 1 7.746 7.745 0.562 0.569 7.746 0.506 0.486

4 7.748 7.746 1.423 1.434 7.748 1.248 1.240
8 7.778 7.774 1.719 1.712 7.777 1.445 1.522

gdpd 1 4.681 4.681 0.275 0.322 4.681 0.277 0.291
4 4.700 4.700 0.591 0.621 4.700 0.513 0.589
8 4.718 4.717 0.886 0.931 4.717 0.734 0.786

UR 1 4.146 4.152 0.365 0.344 4.167 0.363 0.369
4 4.445 4.488 0.745 0.757 4.491 0.687 0.651
8 4.642 4.748 0.863 0.956 4.683 0.819 0.821

RS 1 5.970 5.974 0.545 0.538 5.987 0.584 0.485
4 5.155 5.068 1.196 1.200 5.102 1.112 1.162
8 5.002 4.829 1.428 1.455 4.969 1.327 1.359

Bias Correction
gdpr 1 7.746 7.746 0.539 0.571 7.746 0.516 0.515

4 7.750 7.750 1.542 1.512 7.750 1.283 1.366
8 7.781 7.782 2.020 2.105 7.781 1.658 1.709

gdpd 1 4.681 4.681 0.270 0.324 4.681 0.281 0.303
4 4.699 4.699 0.609 0.630 4.699 0.513 0.585
8 4.718 4.717 0.972 0.986 4.717 0.742 0.804

UR 1 4.173 4.224 0.384 0.358 4.195 0.347 0.346
4 4.482 4.600 0.858 0.815 4.540 0.717 0.667
8 4.602 4.774 1.122 1.100 4.664 0.910 0.885

RS 1 5.942 5.905 0.538 0.551 5.948 0.538 0.503
4 5.162 5.060 1.228 1.298 5.114 1.125 1.181
8 5.086 4.997 1.628 1.567 5.077 1.425 1.395

Notes:

ˆ
h = numberof quartersahead.
Y = predictedvaluefrom deterministicsimulation.
Yr = valuebelowwhich r percentof thevaluesof Y j lie, whereY j is the

predictedvalueon thej th trial.
left = Y.5 − Y.1587, right = Y.8413− Y.5, unitsarepercentagepoints.
gdpr: log of realGDP;gdpd: log of GDPdeflator;seeTable1 for others.
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error. Computingthesedifferencesis one possibleway of measuringforecast
uncertaintyin themodel. Thesamedifferencesarepresentedfor theotherthree
setsof resultsin Table4.

Threeconclusionscanbe drawn from the resultsin Table4. First, the left
andright differencesarefairly closeto eachother. Second,thedifferenceswith
no coefficientuncertaintyare only slightly smaller than thosewith coefficient
uncertainty,andsomostof thepredictiveuncertaintyis dueto theadditiveerrors.
Third, thebias-correctionresultsarefairly similar to thenonbias-correctionones,
which suggeststhatbiasis not a majorproblemin themodel. In mostcasesthe
uncertaintyestimatesarelargerfor thebias-correctionresults.

Table5 presentsresultsfor the multiplier experiment. The experimentwas
an increasein real governmentpurchasesof goodsof onepercentof real GDP
for 2000:4–2002:3.The format of Table5 is similar to that of Table4, where
the valuesaremultipliers16 ratherthanpredictedvalues. The first columngives
themultiplier computedfrom deterministicsimulations,andthesecondgivesthe
medianvalueof the2000multipliers.As in Table3, thesetwo valuesarecloseto
eachother. Thethird columngivesthedifferencebetweenthemedianmultiplier
and the multiplier below which 15.87percentof the valueslie, and the fourth
columngivesthedifferencebetweenthemultiplier abovewhich 15.87percentof
thevalueslie andthemedianmultiplier. Thesetwo columnsaremeasuresof the
uncertaintyof thegovernmentspendingeffectin themodel.

Threeconclusionscanbedrawnfrom theresultsin Table5. First, theleft and
right differencesarefairly closeto eachother. Second,thedifferencesarefairly
smallrelativeto thesizeof themultipliers,andsotheestimatedpolicy uncertainty
is fairly smallfor agovernmentspendingchange.Third, thebias-correctionresults
aresimilar to thenonbias-correctionones,whichagainsuggeststhatbiasis nota
majorproblemin themodel.

7 Conclusion

Thispaperhasoutlinedabootstrappingapproachto theestimationandanalysisof
dynamic,nonlinear,simultaneousequationsmodels.It drawsonthebootstrapping
literatureinitiatedbyEfron(1979)andthestochasticsimulationliteratureinitiated

16Theword ‘multiplier’ is usedhereto refer to thedifferencebetweenthepredictedvalueof a
variableafter the policy changeandthe predictedvalueof the variablebeforethe change.This
differenceis notstrictly speakingamultiplier becauseit is notdividedby thegovernmentspending
change.
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Table 5
Multiplier Results for 2000:4–2002:3

Var. h d̂ d.5 left right d̂ d.5 left right

No Bias Correction Bias Correction
gdpr 1 1.010 1.035 .069 .081 0.984 0.979 .065 .078

4 1.571 1.613 .075 .088 1.530 1.530 .067 .078
8 1.361 1.394 .080 .088 1.325 1.325 .079 .083

gdpd 1 .036 .034 .008 .009 .039 .039 .008 .008
4 .282 .279 .045 .048 .284 .279 .044 .046
8 .569 .578 .078 .081 .558 .514 .067 .075

UR 1 -.280 -.279 .037 .037 -.281 -.278 .039 .035
4 -.747 -.753 .072 .063 -.742 -.742 .074 .061
8 -.560 -.587 .072 .076 -.536 -.546 .074 .079

RS 1 .258 .261 .046 .054 .255 .251 .044 .052
4 .753 .759 .108 .109 .750 .747 .106 .105
8 .678 .664 .113 .117 .647 .650 .116 .124

Notes:

ˆ
ˆ

h = numberof quartersahead.
Ya = predictedvaluefrom deterministicsimulation,nopolicy change.

Yb = predictedvaluefrom deterministicsimulation,policy change.

d̂ = Ŷ b − Ŷ a

Y aj = predictedvalueon thej th trial, nopolicy change.
Ybj = predictedvalueon thej th trial, policy change.
dj = Ybj − Yaj

dr = valuebelowwhich r percentof thevaluesof dj lie.
left = d.5 − d.1587, right = d.8413− d.5, unitsarepercentagepoints.
SeeTables1 and4 for variablenotation.

by AdelmanandAdelman(1959). Theprocedurein Section4 hasnot beenused
beforefor thesemodels.Theprocedureis distributionfree,andit allowsa wide
rangeof questionsto beconsidered,includingestimation,prediction,andpolicy
analysis.

Theresultsin Section6 arefor illustrationonly, but theyaresuggestiveof the
usefulnessof thebootstrappingprocedurefor modelslike (1). Computationslike
thosein Table3 canbedonefor manydifferentstatistics.Computationslike those
in Table4 canbe usedto comparedifferent models,wherevariousmeasuresof
dispersioncanbeconsidered.Thesemeasuresaccountfor bothuncertaintyfrom
theadditiveerrortermsandcoefficientestimates,which putsmodelson anequal
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footing if theyhavesimilar setsof exogenousvariables.Computationslike those
in Table5 canbedonefor awidevarietyof policy experiments.Finally, theresults
in Table1 showthatthebootstrapworkswell for theUSmodelregardingcoverage
accuracy.
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