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Bootstrapping Macroeconometric Models

Ray C. Fair

Abstract

This paper outlines a bootstrapping approach to the estimation and analysis of macroecono-
metric models. It integrates for dynamic, nonlinear, simultaneous equation models the bootstrap-
ping approach to evaluating estimators initiated by Efron (1979) and the stochastic simulation
approach to evaluating models’ properties initiated by Adelman and Adelman (1959). It also
estimates for a particular model the gain in coverage accuracy from using bootstrap confidence
intervals over asymptotic confidence intervals.
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Fair: Bootstrapping Macroeconometric Models

1 Introduction

Considera dynamic, nonlinear,simultaneousquationsmodel of the following
form:

fi(yt,)’t—l’---,yt—p,xt’ai):”it, i:]-v---’n’ t:]-v---vT’ (1)

wherey; is an n—dimensionalector of endogenousariables,x; is a vector of

exogenousvariables,and «; is a vector of coefficients. The first m equations
areassumedo be stochasticwith the remainingequationsdentities. The vector
of errorterms,u; = (u1;, ..., un:) , IS assumedo beiid with meanzero. The

function f; may be nonlinearin variablesandcoefficients. It is assumedhatan

estimatoris availablefor obtainingconsistenestimate®f the coefficients.

Thisspecifications fairly general.lt includesasaspeciacasegheVAR model.
It alsoincorporatesautoregressiverrors. If the original errortermin equation:
follows arth orderautoregressivprocesssayw;; = p1;Wir—1+ - . . + Pri Wir—r +
ui:, thenequation in (1) canbeassumedb havebeertransformednto onewith u;,
ontheright handside. Theautoregressiveoefficientspy; . . . p,; areincorporated
into thew; coefficientvector,andadditionallaggedvariablevaluesareintroduced.
This transformationmakesthe equationnonlinearin coefficientsif it were not
otherwise,but this addsno further complicationsbecausdhe modelis already
allowedto be nonlinear. Theassumptiorthatu; isiid is thusnot asrestrictiveas
it would beif themodelwererequiredto belinearin coefficients.

This paperoutlinesa bootstrappingpproacho the estimatiorandanalysisof
the modelin (1). Two somewhateparatditeraturesare relevantfor this topic.
Thebootstrapvasintroducedn statisticin 1979by Efron (1979)! Theliterature
that followed this classicpaperstressedhe useof the bootstrapfor estimation
andtheevaluationof estimators Earlier,howeverAdelmanandAdelman(1959)
hadintroducedin economicgheideaof drawingerrorsto analyzethe properties
of econometrionodels. The literaturethat followed this classicpaperstressed
the stochasticsimulationof largescalemacroeconometrimodels. The common
procedurein this literaturehasbeento draw errorsfrom estimateddistributions
undertheassumptiomf normality,althougherrorscanjustaseasilybedrawnfrom
the empirical distribution of the estimatedesiduals. The presentpaperfocuses
exclusivelyon the ideaof drawingerrorsfrom the estimatedesidualswhich is
distributionfree,andit usesthesedrawsfor bothestimationandanalysis.

1SeeHall (1992)for the history of resamplingdeasin statisticsprior to Efron’s paper.
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While thereis by nowalargeliteratureontheuseof thebootstrapn economics,
mostof it hasfocusedon smalltime seriesmodels. GoodrecentreviewsareLi
andMaddala(1996),Horowitz (1997),BerkowitzandKilian (2000),andHardle,
Horowitz, andKreiss(2001). The paperclosestto the presentwvork is Freedman
(1984), who consideredhe bootstrappingf the 2SLS estimatorin a dynamic,
linear,simultaneousquationsnodel. Runkle(1987)usedhebootstrapgo examine
impulseresponsdunctionsin VAR models andKilian (1998)extendedhiswork
to correctfor bias. Thereis alsowork on bootstrappingsMM estimatorgsee,
for exampleHall andHorowitz (1996)),butthis work is of limited relevancéhere
becausét doesnotassumeéknowledgeof acompletemodel.

In his review of bootstrappingVlacKinnon (2002) analyzesan exampleof
a linear simultaneougquationgnodel consistingof one structuralequationand
onereducediorm equation.He pointsout (p. 14) that“Bootstrappingevenone
equationof a simultaneougquationsnodelis agooddealmorecomplicatedhat
bootstrappingan equationin which all the explanatoryariablesare exogenous
or predeterminedThe problemis thatthe bootstrapDGP mustprovidea way to
generatall of the endogenousariablesnot just oneof them.” In this paperthe
procesggeneratinghe endogenousariablesis the completemodel(1). All the
nonlinearrestrictionson the reducedorm coefficientsareaccountedor.

As mentionedabove the standargroceduren theliteraturethatfollowed the
AdelmanandAdelman(1959)paperhasbeento draw errorsfrom estimatedlis-
tributions. Also, in much of this literature coefficientuncertaintyhasnot been
takeninto account:coefficientestimatediavebeentakento befixed. Early stud
iesthat drew from estimatecerror distributionsandtreatedcoefficientestimates
asfixed include Nagar(1969), Evans,Klein, and Saito (1972), Fromm, Klein,
and Schink (1972), Green,Leibenberg,and Hirsch (1972), Cooperand Fischer
(1972), Sowey(1973), Cooper(1974), Garbade(1975), Bianchi, Calzolari,and
Corsi (1976),and Calzolariand Corsi (1977). When coefficientestimateshave
not beentakento befixed, they havebeendrawnfrom estimatedistributionsof
the coefficientestimates.Studiesthat drew both error termsand coefficientsin-
cludeSchink(1971),HaitovskyandWallace(1972),CooperandFischer(1974),
Muench,Rolnick, Wallace,andWeiler (1974),Schink(1974),andFair (1980a).

In a theoreticalpaperBrown and Mariano (1984) analyzedthe procedureof
drawing errorsfrom the estimatedresidualsfor a static nonlineareconometric
modelwith fixed coefficientestimatesForthestochastisimulationresultsn Fair
(1998)errorsweredrawnfrom the estimatedesidualsor a dynamic,nonlinear,
simultaneougquationsnodelwith fixed coefficientestimatesandthis may have
beenthefirst time this distributionfree approactwasusedfor suchmodels.
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This papermakestwo contributions. The first is to integratefor dynamic,
nonlinear,simultaneousequationsmodelsthe bootstrapapproachto evaluating
estimatorandthestochastisimulationapproacho evaluatingnodels’ properties.
The proceduren Section4 for treatingcoefficientuncertaintyhasnot beenused
beforefor thesekinds of models. The seconds to estimatethe gainin coverage
accuracyfrom usingbootstrapconfidencantervalsover asymptoticintervalsfor
a particularmodel(calledthe “US model”). It will be seenthatthe gainis fairly
largefor this model.

This paperdoesnot provide the theoreticalrestrictionson the modelin (1)
thatareneededor the bootstrapprocedureo bevalid. Assumptiongeyondiid
errorsandthe existenceof a consistenestimatorare neededput thesehavenot
beernworkedoutin theliteraturefor themodelconsideredhere. This papersimply
assumeshatthe modelmeetsvhateverestrictionsaresufficientfor thebootstrap
procedurdo bevalid. Its contributionis to applytheprocedurdo themodelin (1)
andto estimatethe gainin coverageaccuracyassuminghe procedurds valid. It
remainsto be seerwhatrestrictionsareneededeyondiid errorsanda consistent
estimator.lt isthecase howeverthatthebootstrapworkswell regardingcoverage
accuracywhenthe US modelis takento bethetruth. Giventhis, it seemdikely
thatthe US modelfalls within therequiredconditionsfor validity.

Section2 discussetheinitial estimatiorandintroducegsheUSmodel. Section
3 thendiscusseshe useof the bootstrapto evaluatecoefficientestimatesandit
usesthe US modelto estimatecoverageaccuracy. Section4 discusseshe use
of the bootstrapto analyzemodels’properties,and Section5 considersvarious
extensionsjncluding the extensionto modelswith rational expectations. The
bootstrapproceduras appliedin Section6 to the US model.

2 Initial Estimation and Example

Let « denotethe vector of all the unknown coefficientsin the model, « =
(o, ...,,,), andlet u denotethe vectorof errorsfor all the availableperiods,
u = (uy,...,u7y), whereu, is definedn Sectionl. It is assumedhataconsistent
estimateof « isavailable denotedy. Thiscouldbe,forexamplethe2SLSor3SLS
estimateof «. Giventhis estimateandthe actualdata,u canbe estimated.Let &
denoteheestimatef u aftertheresidualhavebeercenteredtzero? Statisticof

2Freedmar(1981)hasshownthatthe bootstrapcanfail for anequatiorwith no constanterm
if the residualsare not centerecht zero. For all the resultsreportedin this papercenteringhas
beendone. Frommodel(1), i;;, anelementof &, is f; (s, yi—1, ..., Yi—p, X1, &;) exceptfor the
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interestcanbecomputed.Thesecanincludet-statisticof thecoefficientestimates
andpossibley? statisticsfor varioushypothesesFor the resultin Section6 the
Andrews-Plobergeteststatisticis examinedyhichtestsfor structurakchange® t
will beusedto denotethe vectorof estimatedstatisticsof interest.

The examplethat is usedfor the empirical work is the US model in Fair
(1994). Thereare 29 stochasticequations,about100 identities,and 164 coef-
ficientsto estimatecountingautoregressiveoefficientsfor theerrors. Themodel
is dynamic,nonlinear,and simultaneous.The versionusedhereis on the web-
site: http://fairmodel.econ.yale.edu. The estimationperiod is 1954:1-2002:3,
195quarterlyobservationsandthe estimatiormethodis 2SLS.This versiondoes
not haverationalexpectations.

3 Distribution of the Coefficient Estimates

3.1 TheBootstrap Procedure

Thebootstraprocedurdor evaluatingestimatordor themodelin (1) is:

1. Foragiventrial j, drawu,” from i with replacementort = 1, ..., T. Use
theseerrorsanda to solvethe model(1) dynamicallyforr = 1,...,T.5
Treatthe solutionvaluesasactualvaluesandestimatex by the consistent
estimato(2SLS,3SLS orwhatever) Leta*/ denotehisestimate Compute
alsotheteststatisticof interestandlet t*/ denotethevectorof thesevalues.

2. Repeasteplfor j =1,...,J.

Step2 givesJ valuesof eachelementof @*/ andt*/. Usingthesevalues,confi-
denceintervalsfor the coefficientestimatesanbe computedseebelow). Also,
for theoriginally estimatedsalueof anyteststatistic,onecanseewhereit lies on
thedistributionof the J values.

adjustmenthatcentergheresidualsat zero.

3SeeAndrewsandPloberge(1994).

40Oneof the demandor moneyequationsn the modelis estimatedinderthe assumptiorof a
fourthorderautoregressiverror,andthe sumof theautoregressiveoefficientss closeto one. For
thework in this paperthis equationwasdropped Jeaving 29 stochastieequationgatherthan30.
This equationis notimportantin the modelbecausehe shortterminterestrateis determinedcoy
anestimatednterestraterule of the Fed.

SThis is just a standarddynamicsimulation,whereinsteadof usingzerovaluesfor the error
termsthe drawnvaluesareused.
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Notethateachtrial generates.newdataset. Eachdatasetis generatedising
thesamecoefficientvector(a), butin generathedatasethasdifferenterrorsfor a
periodfrom thosethatexistedhistorically. Notealsothatsincethedrawingis with
replacementthe sameerrorvectormay be drawnmorethanoncein agiventrial,
while othersmay not be drawnatall. All datasetsareconditionalon the actual
valuesof theendogenousariablesprior to period1 andontheactualvaluesof the
exogenousariablesfor all periods.

3.2 Estimating Coverage Accuracy

Threeconfidencéntervalsareempiricallyexaminechere® Let 8 denotea partic-
ular coefficientin «. Let 8 denotethe baseestimate(2SLS,3SLS,or whatever)
of B, andlet & denoteits estimatecasymptoticstandarcerror. Let 8*/ denotethe
estimateof g onthe jthtrial, andlet6*/ denotetheestimatedisymptoticstandard
errorof 8*/. Lets*/ equalthet-statistic(8*/ — 8)/6*/. Assumethatthe J values
of +*/ havebeenranked,andlet +* denotethe valuebelowwhich r percenbof the
valuesof +*/ lie. Finally, let |*/| denotetheabsolutevalueof +*/. Assumethatthe
J valuesof |#*/| havebeenranked,andlet |¢*|, denotethe valuebelowwhich r
percenbf thevaluesof |#*/| lie. Thefirst confidencentervalis simply;é +1.965,
which is the 95 percentconfidenceanterval from the asymptoticnormaldistribu
tion. Theseconds (8 — 1,5, B — 11,:6), whichis the equal-tailedpercentile-t
interval. Thethird isﬁ + |#*] 9500, Whichis the symmetricpercentile-interval.

Thefollowing Monte Carlo proceduras usedto examinethe accuracyof the
threeintervals. Thisprocedurassumeéhatthedatageneratingprocesss themodel
(1) with true coefficientsx.

a. Foragivenrepetitionk, drawu*** froma with replacemerfort = 1, ..., T.
Usetheseerrorsanda to solvethemodel(1) dynamicallyfort = 1,..., T.
Treatthe solutionvaluesasactualvaluesandestimatex by the consistent
estimato(2SLS,3SLS orwhatever) Leta*** denotehisestimate Usethis
estimateandthe solutionvaluesfrom the dynamicsimulationto compute
theresidualsy, andcenterthemat zero. Let #*** denotethe estimateof u
aftertheresidualshavebeencenteredat zero!

6SeeLi andMaddala(1996), pp. 118-121,for a review of the numberof ways confidence
intervalscanbe computedusingthe bootstrap.SeealsoHall (1988).

"Frommodel(1), &%, anelemenbf a**, is f; (y;**, y*, ..., y;"_*]l‘,, x, 6*F) excepffor the
adjustmenthat centersthe residualsat zero,whereyt*j’,; is the solutionvalue of y,_j, from the
dynamicsimulation(z =0, 1, ..., p).
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b. Performstepsl and2 in Sectior3.1,wherei*** replaces anda*** replaces
a. Computefrom theseJ trials the three confidenceintervalsdiscussed
above wherep** replaces8 ands*** replacesr. Recordfor eachinterval
whetheror not 3 is outsideof theinterval.

c. Repeastepsaandbfork =1,..., K.

After completionof the K repetitions,one cancomputefor eachcoefficientand
eachintervalthepercenbf therepetitionghat 3 wasoutsidetheinterval. For, say,
a95 percentconfidencanterval, thedifferencebetweerthecomputedercentand
5 percents theerrorin coveragegrobability.

This proceduravasusedonthe US modelto examinecoverageaccuracy.For
thiswork bothJ andK weretakento be350,for atotalof 122,50Qimesthemodel
wasestimatedby 2SLS).Therewere847solutionfailuresoutof the122,500rials,
andthesefailureswere skipped. The job took about40 hoursona 1.7 Ghz PC,
aboutonesecondgerestimation.Theresultsaresummarizedn Tablel. Rejection
ratesarepresentedor 12 of the coefficientsn themodel. Theaveragdor the 12
coefficientds presentedswell astheaveragdor all 164 coefficientan themodel.
The standarddeviationfor the 164 coefficientss alsopresented.

The averageejectionrateoverthe 164 coefficientsis .085for the asymptotic
interval, which comparedo .063 and.056 for the two bootstrapintervals. The
asymptoticdistributionthusrejectstoo often, andthe bootstrapdistributionsare
fairly accurate Althoughnotshownin Tablel, theresultsaresimilarif 90 percent
confidencantervalsareused. In this casethe asymptoticrejectionrateaveraged
acrosghe164coefficientss .145(standardleviationof .055). Thecorresponding
valuesfor the two bootstrapintervalsare .113 (standarddeviationof .030) and
.107(standardleviationof .029). As notedin Sectionl, giventhegoodbootstrap
resultsit seemdikely thatthe US modelfalls within the requiredconditionsfor
validity of the bootstrap.

4 Analysisof Models Properties

The bootstrapprocedureis extendedin this sectionto evaluatingpropertiesof
modelslike (1). The errorsare drawnfrom the residualswhich is contraryto
what hasbeendonein the previousliteratureexceptfor Fair (1998). Also, asin
Section3.1,the coefficientsareestimatedon eachtrial. In the previousliterature
the coefficientestimateither havebeentakento be fixed or havebeendrawn
from estimatedlistributions.

Brought to you by | Yale University Library New Haven (Yale University Library New Haven)
Authenticated | 172.16.1.226
Download Date | 3/29/12 4:17 PM



Fair: Bootstrapping Macroeconometric Models

Table1
Estimated Coverage Accuracy for the US M odel

Percenbf Rejectionausing
95 PercentConfidencdntervals

a b c

CSequation

ldv .140 .066 .066

income .100 .049 .057
CN equation

Idv .123 .066 .066

income 126 .063 .043
CD equation

Idv .143 .051 .066

income 131 .086 .071
PF equation

ldv .074 .057 .049

PIM .069 .040 .040

UR .043 .037 .040
RS equation

ldv .074 .080 .066

inflation .089 .077 .069

UR .051 .057 .051
Average(12) .097 .061 .057
Average(164) .085 .063 .056
SD (164) .045 .022 .020
Notes:

a: Asymptoticconfidencenterval.

b: Bootstrapequal-tailecbercentile-interval.

c: Bootstrapsymmetricpercentile-tinterval.

Average(12) = Averagefor the 12 coefficients.

Average(164)= Averagefor all 164 coefficients.

SD (164)= Standardieviationfor all 164 coefficients

Idv: laggeddependenvariable,CS:consumptiorof services,
CN: consumptiorof nondurablesCD: consumptiorof durables,
PF: privatenonfarmdeflator,RS: three-monthTreasurybill rate,
PIM: import pricedeflator,UR: unemploymentate.

Whenexaminingthe propertiesof models,oneis usuallyinterestedn a period
smallerthantheestimatiorperiod. Assumethatthe periodof interestis s through
S, wheres > 1andS < T. Thebootstragrocedurdor analyzingpropertiess:

1. Foragiventrial j, draWufj from i with replacemenforr = 1,...,T.
Usetheseerrorsanda to solvethemodel(1) dynamicallyfor: =1, ..., T.
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Treatthe solutionvaluesasactualvaluesandestimatex by the consistent
estimato(2SLS,3SLS,or whatever).Let@*/ denotethis estimate Discard
the solutionvalues;theyarenot usedagain.

2. Drawu;” from i with replacementor = s, .. ., S.8 Usetheseerrorsand
&*/ to solvethemodel(1) dynamicallyfor = s, ..., S. Recordthesolution
valueof eachendogenousariablefor eachperiod. This simulationuseghe
actual(historical) valuesof the variablesprior to periods, not the values
usedin computingd*/ .

3. Multiplier experimentganbe performed.Firstsolvethemodelfor periods
throughsS usinga*/ andthedrawnerrors.Recordthe solutionvaluesof the
endogenousariables. Thenchangeoneor moreexogenouyariablesand
solveagain. Thedifferencebetweerthe secondsolutionvalueandthefirst
for agivenendogenousariableandperiodis the model’'sestimateceffect
of thechange Recordthesedifferences.

4. Repeastepsl, 2,and3for j =1,..., J.

5. Step4 givesJ valuesof eachendogenousariablefor eachperiod. It also
givesJ valuesof eachdifferencefor eachperiodif a multiplier experiment
hasbeenperformed.

A distributionof J predictedraluesof eachendogenousariablefor eachperiod
is now availableto examine.Onecancompute for example variousmeasuresf
dispersion,which are estimatesof the accuracyof the model. Probabilitiesof
specificeventshappeningcanalsobe computed. If, say,oneis interestedn the
eventof two or moreconsecutivgeriodsof negativegrowthin realoutputin the
s throughS period,onecancomputethe numberof timesthis happenedn the J
trials. If amultiplier experimenhasbeenperformedadistributionof J differences
for eachendogenousariablefor eachperiodis alsoavailableto examine. This
allowsthe uncertaintyof policy effectsin the modelto be examined

8|f desiredtheseerrorscanbethesameerrorsdrawnin stepl for thes throughsS period. With
alargeenoughnumberof trials, whetheronedoesthis or insteaddrawsnewerrorsmakesatrivial
difference.lt is assumedherethatnewerrorsaredrawn.

9The useof stochasticsimulationto estimateeventprobabilitieswas first discussedn Fair
(1993b) wherethecoefficientestimatesveretakernto befixedanderrorsweredrawnfromestimated
distributions. Estimatingthe uncertaintyof multiplier or policy effectsin nonlinearmodelswas
first discussedn Fair (1980b), whereboth errorsand coefficientswere drawn from estimated
distributions.
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If the coefficientestimatesretakento befixed, thenstepl aboveis skipped.
The samecoefficientvector (&) is usedfor all the solutions. Althoughin much
of the stochasticsimulationliteraturecoefficientestimatesavebeentakento be
fixed, this is not in the spirit of the bootstrapliterature. From a bootstrapping
perspectivetheobviousprocedureo follow aftertheerrorshavebeendrawnis to
first estimatethe modelandthenexamineits propertieswhich is whatthe above
proceduraloes.

5 Extensions

Bias Correction

Since2SLSand3SLSestimatesrebiased,t may be usefulto usethe bootstrap
procedureo correctfor bias. This is especiallytrue for estimatef laggedde-
pendentvariablecoefficients.It hasbeenknownsincethe work of Orcutt(1948)
and Hurwicz (1950) that leastsquaresstimatef thesecoefficientsare biased
downwardsvenwhenthereareno right handsideendogenousariables.

In the presentcontexta bias-correctiorprocedureusing the bootstrapis as
follows.

1. Fromstep2 in Section3.1thereare J valuesof eachcoefficientavailable.
Computethe meanvaluefor eachcoefficient,andlet @ denotethe vectorof
themearvalues.Lety = @ — &, theestimatedias. Computehecoefficient
vectora — y andusethecoefficientdn thisvectorto adjusttheconstanterm
in eachequationso thatthe meanof the errortermsis zero. Let @ denote
a — y excepffor theconstanterms,whichareasadjusted« is thentakento
bethe unbiasedestimateof «. Let § denotethe vectorof estimatediases:
0=a—a.

2. Usinga andtheactualdata,computethe errors. Denotethe errorvectoras
u. (u is centerecht zerobecausef the constantermadjustmentn stepl.)

3. The stepsin Section4 cannow be performedwherea replacest and i
replaces. Theonlydifferences thatafterthecoefficientvectoris estimated
by 2SLS,3SLS,or whateverjt hasf subtractedrom it to correctfor bias.
In otherwords,subtrac® from &*/ on eachtrial.1°

100necouldfor eachtrial do a bootstrapto estimatethe bias—abootstrapwithin a bootstrap.
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Theexampldan Section6 examineghesensitivityof someof theresultsto thebias
correction.

Optimal Control

At the point wheremultiplier experimentsare discussedibove,optimal control
experimentganalsobeperformed Assumehattheperiodof interests s through
S andthatthe objectiveis to maximizethe expectedralueof W, whereW is

S
W=>"&mx) (2)

t=s

Let z; bethe vectorof control variableswherez; is a subsetof x;, andlet z be
the vectorof all the controlvalues: z = (zg, ..., zs). Underthe assumptiorof

certaintyequivalencethe control problemis solvedat the beginningof periods

by settingthe errorsfor periods andbeyondequalto zero. If thisis done,then
for eachvalue of z one can computea value of W by first solving the model
for y, ..., ys andthenusingthesevaluesalongwith the valuesfor xg, ..., xg

to computeW in (2). Statedthis way, the optimal control problemis choosing
variables(the elementsof z) to maximizean unconstrained nonlinearfunction.
By substitution,the constrainedmaximizationproblemis transformedinto the
problemof maximizinganunconstrainedunctionof the controlvariables:

W = ®(2) 3

where® standdor themappingz — yy, ..., ys, Xs, ..., xs —> W. Giventhis
setup,the problemcanbeturnedoverto a nonlinearmaximizationalgorithmlike

Davidon-Fletcher-Powe{DFP).Foreachterationof thealgorithm thederivatives
of ® with respecto theelementof z, which areneededy the algorithm,canbe
computedhumerically. An algorithmlike DFP is generallyquite goodat finding

the optimumfor atypical control problem?!

Thebasecoefficientsvould be @*/ andthe basedatawould bethe generatediataontrial j. This
is expensiveandan approximationis simply to useé on eachtrial. This is the procedureused
by Kilian (1998)in estimatingconfidencantervalsfor impulseresponsei VAR models.Kilian
(1998)alsodoes,whennecessarya stationarycorrectionto the biascorrectionto avoid pushing
stationarympulserespons@stimatesnto thenonstationaryegion. Thistypeof adjustments not
pursuechere.

11seeFair (1974)for variousapplicationsof this procedure.
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Fair: Bootstrapping Macroeconometric Models 11

At eachtrial j onecansolvethis problem. Let z;’ bethe computedoptimal
valueof z; ontrial j. Thisis the valuethatwould be implementedor periods
by the control authorityl? At the end one hasa distributionof the J valuesof
zs”, which canbe examined. Note thatz;’ variesacrosstrials only becauseghe
coefficientestimatesary. Theerrorsthataredrawnfor trial j for periodss through
S don’t matterbecausef theuseof certaintyequivalenceThedistributionof the
3/ valuesthusindicateshow sensitivethe controlvaluesareto the uncertaintyin
the coefficientestimates.

Rational Expectations

Considemmodel(1) with rationalexpectations:

ﬁ(yla )’t—l, ) yl‘—pa El‘—lyl, Et—l)’t—f—l’ ) Et—lyl"f-h’ Xty ai) = Ujs, (4)
i=1....n), @=1....7),

where E;_1 is the conditionalexpectation®peratorbasedon the modelandon
informationthroughperiods — 1.

Thebootstrapproceduraequiresnitial consistenestimate®f thew;. It also
requirespf coursetheability to solvethemodelgivenasetof coefficientestimates.
Variousmodificationsof the2SLSestimatorareavailablefor estimatingequations
with rationalexpectationsandso oneof thesecould be used™® Therearealsoa
numberof methoddor solvingrationalexpectationsnodelslike (4). Onemethod
thatgenerallyworkswell is the “extendedpath” (EP) methodin Fair and Taylor
(1983,1990). The solutionmethodsassumehat agentsform their expectations
at the beginningof periods by settingthe errorsfor periods andbeyondto zero
andthensolving the model. Estimationandsolutionmethodsarethusavailable
for allowing the abovebootstrapprocedureto be usedfor modelswith rational
expectations.

Whenestimatingor solving(4)for, say,periodsl through?', databeyondperiod
T areneededandsothe periodanalyzedmustendbeforethe actualendof the
historicaldata. It shouldalsobenotedthatif asingleequationestimationmethod
is used,the expectationsisedby the estimationmethodare not the expectations
that one getswhen the overall modelis solvedafter the coefficientshavebeen

12The control problemalso calculatesthe optimal valuesfor periodss + 1 throughsS, butin
practicethesewould neverhaveto beimplementedecausea newproblemcouldbe solvedat the
beginningof periods + 1 afterperiods wasrealized.Thisis the“open-loopfeedback’approach.
135eeFair (1993a)for areviewof theseestimators.
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estimatedln otherwords,the expectationsisedby the estimatiormethodarenot
modelconsistent.This meanghatonehasto be carefulin computingthe errors
(n) afterthe coefficientsareestimated@ computed).For example the errorsfor

period 1 are computedby first solving the modelto get the expectations.This

is done by usingthe historical dataprior to period 1 and settingthe errorsfor

period1 andbeyondto zero. Oncethe expectationgre computedthe errorsfor

period 1 are computedusing theseexpectatiorvaluesand the actual valuesof

theendogenousariablesfor period1. The processs thenrepeatedor period2,

wheretheexpectationarecomputedisingthehistoricaldataprior to period2 and
settingthe errorsfor period2 andbeyondto zero. The processontinueghrough
periodT. Onceu is computedthebootstragprocedureanproceedasin Sections
3and4.

6 An Example

In this sectionthe overall bootstrapprocedurds appliedto the US model,where
theestimationperiodis 1954:1-2002:&ndthe estimationmethodis 2SLS.
Thecalculationsvererunin onelargebatchjob. Themainstepswere:

1. Estimatehe29equation®dy 2SLSfor 1954:1-2002:3Computestandarebr-
rorsof thecoefficientestimatesandperformtheAndrews-Plobergei1994)
(AP) teston selectecequations.Usingthe 2SLSestimatesandzerovalues
for theerrors,solvethemodeldynamicallyfor 2000:4-2002: &ndperforma
multiplier experimenfor this period. Usingtheactualdataandthe2SL Ses-
timates,computethe 29-dimensionaérrorvectorsfor 1954:1-2002:3195
vectors).

2. Do thefollowing 2000times: 1) draw with replacemeni95 error vectors
from theresidualvectorsfor 1954:1-2002:32) usingthe drawnerrorsand
the 2SLSestimatedrom stepl, solvethe modeldynamicallyfor 1954:1—
2002:3to getnewdata,3) usingthe newdata,estimatehemodelby 2SLS,
computet-statisticsfor the coefficientestimatesandperformthe AP tests,
4) resetthedataprior to 2000:4to theactualdata,5) drawwith replacement
8 error vectorsfrom the residualvectorsfor 2000:4—-2002:36) usingthe
new2SLSestimateandthedrawnerrors,solvethe modeldynamicallyfor
2000:4-2002:&ndperformthe multiplier experimentor this period.
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3. Step2 givesfor eachequation2000valuesof eachcoefficientestimate t-
statistic,and APstatistic. It alsogives2000predictedraluesof eachendoge-
nousvariablefor eachquarterwithin 2000:4-2002:Znd 2000differences
for eachendogenousariableand eachquarterfrom the multiplier expert
ment. Thesevaluescanbe analyzedasdesired. Someexamplesaregiven
below. Steps4-6 thatfollow arethebias-correctiorcalculations.

4. Fromthe2000valuesfor eachcoefficient,computethe meanandthensub-
tractthe meanfrom twice the 2SLS coefficientestimatefrom stepl. Use
thesevaluesto adjustthe constantermin eachequationsothatthe meanof
theerrortermsis zero. Usingthesecoefficientyincludingtheadjusteccon-
stantterms),recordthe differenceshetweerthe 2SLScoefficientestimates
from stepl andthesecoefficients.Call the vectorof thesevaluesthe “bias-
correctionvector.” Usingthenewcoefficientsandzerovaluesfor theerrors,
solvethemodeldynamicallyfor 2000:4—-2002:&ndperformthe multiplier
experimentfor this period. Usingthe actualdataandthe new coefficients,
computethe 29-dimensionaérrorvectorsfor 1954:1-2002:3195vectors).

5. Do thefollowing 2000times: 1) draw with replacemeni95 error vectors
from theresidualectorsfrom step4 for 1954:1-2002:32) usingthedrawn
errorsand the coefficientsfrom step4, solve the model dynamicallyfor
1954:1-2002:30 getnewdata,3) usingthe new data,estimatethe model
by 2SLSandadjustthe estimatedor biasusingthe bias-correctiorvector
from step4, 4) resetthe dataprior to 2000:4to the actualdata,5) draw
with replacemen8 error vectorsfrom the residualvectorsfrom step4 for
2000:4-2002:36) usingthe newcoefficientestimatesandthedrawnerrors,
solvethe modeldynamicallyfor 2000:4—-2002:&ndperformthe multiplier
experimenfor this period.

6. Step5 gives 2000 predictedvaluesof eachendogenousariablefor each
quarterwithin 2000:4—-2004:1and 2000 differencesfor eachendogenous
variableandeachquarterfrom the multiplier experiment.

The samesequenc®f randomnumbersvasusedfor the regularcalculations
(stepsl-3)aswasusedor thebias-correctioralculationgsteps4-6). Thislessens
stochasticsimulationerrorin comparisondetweerthe two setsof results. If the
modelfailed to solvefor a giventrial (eitherfor the 1954:1-2002:3®eriodor the
2000:4-2002:®eriod),thetrial wasskipped.No failuresoccurredor theregular
calculationsputtherewere5 failuresout of the 2000trials for the bias-correction
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calculations.Eachtrial takesaboutonesecondon a 1.7 Ghz PC usingthe Fair-
Parke(1995)program.

Table2 presentsomeresultsfrom step2 for the coefficientestimatesResults
for 12 coefficientsfrom 5 equationsare presented. The 5 equationsare three
consumptiorequationsapriceequationandaninterestraterule. Thecoefficients
arefor thelaggeddependentariablein eachequationjncomein eachconsumption
equation,the price of importsandthe unemploymentatein the price equation,
andinflation andthe unemploymentatein theinterestraterule. Thesearesome
of themain coefficientsn themodel.

The first three columnsshow the 2SLS estimate,the meanfrom the 2000
trials, andthe ratio of the two. As expectedthe meanis smallerthanthe 2SLS
estimatefor all thelaggeddependentariablecoefficients:the 2SLSestimateof
thesecoefficientsarebiaseddownwards.The smallestratio is 0.966,a biasof 3.4
percent.

Column4 givestheasymptoticconfidencentervals;column5 givesthe confi-
dencentervalsusingthe equal-tailedoercentile-interval;andcolumn6 givesthe
symmetricpercentile-tintervalusingthe absolutevaluesof thet-statistics.These
columnsshowthattheasymptotiantervalstendto be narrowerthanthe bootstrap
intervals. In 19 of the 24 casedhe left valuefor the asymptoticintervalis larger
thanthe left valuefor the bootstrapinterval, andin 19 of the 24 casegheright
valuefor the asymptoticintervalis smallerthanthe right valuefor the bootstrap
interval. Theasymptotidntervalswill thustendto rejectmoreoftenthantheboot-
strapintervals. It wasseenin Section3.2 thatthe asymptoticinterval rejectstoo
often.

Table3 presentsesultsor the APtestfor five equationsthethreeconsumption
equationsa housinginvestmentequation,andthe price equationt* The overall
sampleperiodis 1954:1-2002:3andthe periodfor a possiblebreakwastakento
be 1970:1-1979:4.(An advantagef the AP testis thatthe possiblebreakpoint
canbe specifiedto be within a periodratherthana particularquarter.) Table 3
givesfor eachequationthe computedAP value,the bootstrapconfidencevalues,
andtheasymptoticconfidencevalues.Theasymptoticconfidencevaluesaretaken
from Tablel in AndrewsandPloberger(1994). Thevalueof A in the AP notation
for the presentresultsis 2.29. The bootstrapconfidencevaluesfor an equation
arecomputedusingthe 2000valuesof the AP statistic. The 5 percentvalue,for
examplejs thevalueabovewhich 100 of the AP valueslie.

14Thetestwasnot performedor theinterestraterule becausghe equationis alreadyestimated
undertheassumptiorof a changean Fedbehaviorin the 1979:4-1982:eriod.
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Table?2
Confidence Intervalsfor Selected Coefficients

1) ) 3) 4) (5) (6)
B B @)/(1) a b c
CSequation
Idv 0.7873 0.7609 0.966 0.7215 0.7449 0.7031
0.8531 0.8827 0.8716
income 0.1058 0.1163 1.099 0.0613 0.0458 0.0516
0.1504 0.1415 0.1601

CN equation

Idv 0.7823 0.7565 0.967 0.7219 0.7442 0.7026
0.8427 0.8718 0.8621

income 0.0973 0.1134 1.165 0.0575 0.0393 0.0461
0.1372 0.1241 0.1486

CD equation

Idv 0.3294 0.3720 1.129 0.2226 0.1755 0.1913
0.4362 0.3979 0.4675

income 0.1077 0.1218 1.131 0.0701 0.0532 0.0591
0.1453 0.1291 0.1564

PF equation

Idv 0.8806 0.8715 0.990 0.8487 0.8580 0.8426
0.9125 0.9246 0.9186

PIM 0.0480 0.0477 0.994 0.0440 0.0442 0.0438
0.0520 0.0525 0.0522

UR -0.1780 -0.1787 1.004 -0.2238 -0.2239 -0.2266
-0.1322 -0.1280 -0.1293

RS equation

ldv 0.9092 0.9026 0.993 0.8834 0.8870 0.8812

0.9349 0.9398 0.9371
inflation  0.0803 0.0848 1.057 0.0549 0.0520 0.0538
0.1056 0.1023 0.1067
UR -0.1128 -0.1123 0.995 -0.1699 -0.1716 -0.1713
-0.0558 -0.0545 -0.0543

Notes:
a ,8 — 1966 b: ﬂ — 1750 c: ,4? — |t*| 9500
B+ 1.966 B — 750 B + 1t*] 9500

B = 2SLSestimatep = estimatecasymptoticstandarcerrorof 3.
B = meanof thevaluesof 8*/ , wherep*/ is the estimateof
onthe jth trial.
¢ = valuebelowwhich r percentf thevaluesof +*/ lie,
wherer*/ = (B*/ — B)/6*/,
whereé*/ is the estimatecasymptoticstandarcerrorof 3*/.
|#*|, = valuebelowwhich r perceniof thevaluesof |/ lie.
SeeTablel for variablenotation.
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Table3
Results for the AP Tests

Bootstrap Asymptotic

# of
Eq. coefs. AP 1% 5% 10% 1% 5% 10%

CSs 9 21.18| 17.47 13.84 12.15| 11.16 8.96 7.77
CN 9 14.67| 1450 12.16 10.64| 11.16 8.96 7.77
CD 9 12.76| 16.48 12.76 11.23| 11.16 8.96 7.77
IH 7 7.17| 13.25 10.62 9.35| 950 7.31 6.28
PF 6 12.77| 10.72 8.07 6.85| 8.70 6.51 5.58
Notes:

IH: HousinginvestmentseeTablel for othernotation.
Sampleperiod: 1954:1-2002:3.

Periodfor possiblebreak:1970:1-1979:4.

Valueof 1 =2.29.

Asymptoticvaluesfrom AndrewsandPloberger(1994),Table1.

Thereis a clear patternin Table 3, which is that the asymptoticconfidence
valuesaretoo low. Theyleadto rejectionof the null hypothesisof stability too
often. Relying on the asymptoticvaluesfor the AP testthusappeardo be too
harsh.

Table 4 presentgesultsfor the simulationsfor 2000:4—-2002:3.Resultsfor
four variablesarepresentedthelog of real GDP,thelog of the GDP deflator,the
unemploymentate, andthe three-monthlreasurybill rate. Four setsof results
arepresentedwith andwithout coefficientuncertaintyandwith andwithoutbias
correction!® Considerthe first setof results(upperleft corner)in Table4. The
first column givesthe deterministicprediction(basedon settingthe error terms
to zero and solving once), and the secondgives the medianvalue of the 2000
predictions.Thesetwo valuesare closeto eachother,which meanghereis little
biasin thedeterministigorediction. Thethird columngivesthedifferencebetween
themedianpredictedvalueandthe predictedvaluebelowwhich 15.87perceniof
the valueslie, andthe fourth columngivesthe differencebetweenthe predicted
value abovewhich 15.87 percentof the valueslie andthe medianvalue. For a
normaldistributionthesetwo differencesarethe same and equal one standard

15The resultswithout coefficientuncertaintywereobtainedin a separatéatchjob. This batch
job differed from the one outlinedat the beginningof this sectionin thatin part6) of step2 the
2SLSestimatedrom stepl areused,not the new 2SLSestimates.Also, in part6) of step5 the
coefficientsfrom step4 are used,not the new coefficientestimates.For this job therewereno
solutionfailuresfor theregularcalculationsand3 failuresfor the bias-correctiorcalculations.
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Table4
Simulation Results for 2000:4-2002:3
Var, h Y Ys left right Ys left right

No
Coefficient Uncertainty  Coefficient Uncertainty
No Bias Correction

gdrp 1 7.746 7.745 0.562 0.569 | 7.746 0.506 0.486
4 7.748 7.746 1.423 1.434| 7.748 1.248 1.240
8 7.778 7.774 1.719 1.712| 7.777 1.445 1.522
gdpd 1 4.681 4.681 0.275 0.322| 4.681 0.277 0.291
4 4700 4.700 0.591 0.621| 4.700 0.513 0.589
8 4718 4.717 0.886 0.931| 4.717 0.734 0.786
UR 1 4.146 4.152 0.365 0.344| 4.167 0.363 0.369
4 4.445 4.488 0.745 0.757 | 4.491 0.687 0.651
8 4.642 4.748 0.863 0.956 | 4.683 0.819 0.821
RS 1 5970 5.974 0.545 0.538 | 5.987 0.584 0.485
4 5,155 5.068 1.196 1.200| 5.102 1.112 1.162
8 5.002 4.829 1.428 1.455| 4969 1.327 1.359
Bias Correction
gdpr 1 7.746 7.746 0.539 0.571| 7.746 0.516 0.515
4 7.750 7.750 1.542 1.512| 7.750 1.283 1.366
8 7.781 7.782 2.020 2.105| 7.781 1.658 1.709
gdpd 1 4.681 4.681 0.270 0.324| 4.681 0.281 0.303
4 4699 4.699 0.609 0.630| 4.699 0.513 0.585
8 4.718 4.717 0.972 0.986| 4.717 0.742 0.804
UR 1 4.173 4.224 0.384 0.358 | 4.195 0.347 0.346
4 4482 4.600 0.858 0.815| 4.540 0.717 0.667
8 4602 4774 1.122 1.100| 4.664 0.910 0.885
RS 1 5.942 5.905 0.538 0.551| 5.948 0.538 0.503
4 5.162 5.060 1.228 1.298| 5.114 1.125 1.181
8 5.086 4.997 1.628 1.567| 5.077 1.425 1.395
Notes:

h = numberof quartersahead.

Y= predictedvaluefrom deterministicsimulation.

Y, = valuebelowwhich r percentof thevaluesof Y/ lie, whereY/ is the
predictedvalueonthe jth trial.

left =Y 5 — Y 1587 right= Y g413— Y5, unitsarepercentag@oints.

gdpr: log of real GDP; gdpd: log of GDP deflator;seeTable for others.
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error. Computingthesedifferencesis one possibleway of measuringforecast
uncertaintyin the model. The samedifferencesare presentedor the otherthree
setsof resultsin Table4.

Threeconclusionscan be drawn from the resultsin Table4. First, the left
andright differencesarefairly closeto eachother. Secondthe differenceswith
no coefficientuncertaintyare only slightly smallerthan thosewith coefficient
uncertaintyandsomostof the predictiveuncertaintyis dueto the additiveerrors.
Third, the bias-correctiomesultsarefairly similarto thenonbias-correctiorones,
which suggestshat biasis not a major problemin the model. In mostcaseghe
uncertaintyestimatesrelargerfor the bias-correctiomesults.

Table 5 presentgesultsfor the multiplier experiment. The experimentwas
an increasen real governmentpurchase®f goodsof one percentof real GDP
for 2000:4—-2002:3.The format of Table5 is similar to that of Table 4, where
the valuesare multipliers'® ratherthan predictedvalues. The first columngives
the multiplier computedrom deterministicsimulations andthe secondgivesthe
medianvalueof the2000multipliers. As in Table 3, thesetwo valuesarecloseto
eachother. Thethird columngivesthe differencebetweerthe medianmultiplier
and the multiplier below which 15.87 percentof the valueslie, andthe fourth
columngivesthe differencebetweerthe multiplier abovewhich 15.87percentof
thevalueslie andthe medianmultiplier. Thesetwo columnsaremeasuresf the
uncertaintyof the governmenspendingeffectin the model.

Threeconclusioncanbedrawnfrom theresultsin Table5. First, theleft and
right differencesarefairly closeto eachother. Secondthe differencesarefairly
smallrelativeto thesizeof themultipliers,andsothe estimategolicy uncertainty
isfairly smallfor agovernmenspendinghange Third, thebias-correctiomesults
aresimilarto thenonbias-correctiorones which againsuggestshatbiasis nota
major problemin the model.

7 Conclusion

This paperhasoutlinedabootstrappingpproacho the estimationrandanalysisof
dynamic,nonlinearsimultaneougquationsnodels.It drawsonthebootstrapping
literatureinitiatedby Efron (1979)andthestochasticimulationliteratureinitiated

186The word ‘multiplier’ is usedhereto referto the differencebetweerthe predictedvalueof a
variableafter the policy changeandthe predictedvalue of the variablebeforethe change. This
differenceis notstrictly speakingamultiplier becausé is notdividedby thegovernmenspending
change.
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Table5
Multiplier Resultsfor 2000:4-2002:3

Var. h d ds left right d ds left right
No Bias Correction Bias Correction

gdpr 1 1.010 1.035 .069 .081| 0.984 0.979 .065 .078
4 1571 1.613 .075 .088| 1.530 1.530 .067 .078
8 1361 1.394 .080 .088| 1.325 1.325 .079 .083
gdpd 1 .036 .034 .008 .009| .039 .039 .008 .008
4 282 .279 .045 .048| .284 .279 .044 .046
8 569 578 .078 .081| .558 514 .067 .075
UR 1 -280 -279 .037 .037| -.281 -.278 .039 .035
4 -747 -753 .072 .063| -.742 -742 .074 .061
8 -560 -587 .072 .076| -536 -546 .074 .079
RS 1 258 .261 .046 .054| .255 251 .044 .052
4 753 .759 .108 .109| .750 .747 .106 .105
8 .678 .664 .113 .117| .647 .650 .116 .124
Notes:

h = numberof quartersahead.

Y¢ = predictedvaluefrom deterministicsimulation,no policy change.
yb = predictedvaluefrom deterministicsimulation,policy change.
d=yb_ya

Y% = predictedvalueonthe jth trial, no policy change.

Y/ = predictedvalueonthe jth trial, policy change.

d/ =ybi —yaj

d, = valuebelowwhichr percentbf thevaluesof d/ lie.

left = d 5 — d 1587, right = d g413 — d 5, Unitsarepercentag@oints.
SeeTablesl and4 for variablenotation.

by AdelmanandAdelman(1959). The proceduren Section4 hasnot beenused
beforefor thesemodels. The proceduras distributionfree, andit allows a wide
rangeof questiongo be consideredincluding estimation prediction,andpolicy
analysis.

Theresultsin Section6 arefor illustrationonly, buttheyaresuggestivef the
usefulnes®f the bootstrappingrocedurdor modelslike (1). Computationdike
thosein Table3 canbedonefor manydifferentstatistics.Computationsike those
in Table4 canbe usedto comparedifferent models,wherevariousmeasure®f
dispersiorcanbe considered Thesemeasuresiccountfor both uncertaintyfrom
the additiveerrortermsandcoefficientestimatesyhich putsmodelson anequal
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footing if they havesimilar setsof exogenousariables.Computationdike those
in Table5 canbedonefor awide varietyof policy experimentsFinally, theresults
in Tablel showthatthebootstrapvorkswell for theUS modelregardingcoverage
accuracy.
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