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Abstract

This paper uses world running records by age to estimate a biological
frontier of decline rates. Two models are compared: a linear/quadratic (LQ)
model and a non-parametric model. Two estimation methods are used: 1)
minimizing the squared difference between the observed records and the
modeled biological frontier and 2) using extreme value theory to estimate the
biological frontier that maximizes the probability of observing the existing
world records by age. The results support the LQ model and suggest there is

linear percentage decline up to the late 70’s and quadratic decline after that.
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1 Introduction

An important biological question is how fast people’s physical abilities decline
with age. This paper focuses on running events. World records by age are used
to estimate decline rates. Two models are compared. One is the linear/quadratic
(LQ) model in Fair (1994, 2007), and the other is a nonparametric (NP) model.
Comparisons are also made to the World Masters Athletics (WMA) age factors,
which are sometimes used for age grading in races. Nearly a hundred years ago
Hall (1925) pointed out the potential usefulness of athletic records to study the
physiology of muscular exercise. The present paper is in this tradition.! World
records by age are used to estimate a biological frontier of decline rates.

This paper focuses on two restrictions that seem sensible biologically. The first
is that after a certain age (40 is used here) the rate of decline is non decreasing
with age. This will be called the “first derivative” restriction. The second is that
the change in the rate of decline is non decreasing with age. This will be called
the “second derivative” restriction. In short, after decline begins, nothing gets
better with age. The LQ model automatically meets these restrictions, and they are
imposed on the NP model. In contrast, the WMA decline rates do not always meet
the second derivative restriction. As shown below, the WMA second derivatives
sometimes decrease with age, and in some cases they not only decrease with age
but are negative.

The first set of estimates finds the closest possible lower envelope on the ob-

served data subject to the derivative restrictions mentioned above, where “close” is

!See Fair (2007) for a review of studies taking this approach.



defined according to the squared difference between the observed records and the
modeled biological frontier. These estimates are pessimistic regarding the further
evolution of age world records in that it is possible for observed records and values
on the biological frontier to be equal for some age/event pairings if the derivative
constraints allow this to occur, meaning that no further reductions are possible for
such age/event combinations.

The second set of estimates relies on extreme value theory to estimate the bi-
ological frontier that maximizes the probability of observing the existing world
records by age. This approach requires a strong assumption regarding the distri-
bution of the gaps between the existing records and the biological frontier. These
gaps are assumed to have the same distribution for each age and event. Although
this is a very strong assumption, it turns out that the two sets of estimates are sim-
ilar regarding the estimated rates of decline. An advantage of using extreme value
theory is that it permits an estimate of how far the existing world records are from
the true frontier on average. In other words, it provides an estimate of how far the
current world age records are expected to decline.

As will be seen, the results support the LQ model over the NP model. The
latter has results at the very old ages that are not sensible. However, even the NP
model dominates the WMA estimates except at the very old ages because it meets
the second derivative restrictions, which the WMA age factors do not.

Two interesting features of the LQ results are 1) the decline rate (in percentage
terms) is linear up to the late 70’s and 2) even at age 90 people are only a little
more than twice as slow as they were in their peak years. Assuming that one is

not injured or sick, stays in peak shape age corrected, and declines in percentage



terms at the same rate as the world records, life is good. The extreme value results
estimate that the existing world records are on average about 7.8 percent above the

true frontier.

2 The Models

The Linear/Quadratic Model

Assume that one has world records by age for a given running event, where r;, will
be used to denote the log of the record time for age k. Using logs means that all
decline rates are in percentage terms. For the results below £ ranges from 40 to
95 per running event. b, will be used to denote log of the (unobserved) biological

minimum time for age k. By definition,
Ty = by + € (1)

where € is the gap between the record time and the true biological minimum
time. It will be close to zero if the record time is close to the biological minimum.
Otherwise it is positive. More will be said about this below.

The LQ model postulates that the decline rate (in percentage terms) is linear
up to a transition age and then quadratic after that. The transition age is one of the
estimated parameters. At the transition age the linear and quadratic segments are

constrained to touch and to have the same first derivative. The formula for b;, is

B+ ak, D<k<k, a>0
b, = ()

N4 Ok 40k, k>kY, 8>0



with the restrictions
v =B+ 0k

0 =a—20k*

3)

The two restrictions force the linear and quadratic segments to touch and to have
the same first derivative at £*. The unrestricted parameters to estimate are the
intercept, 3, the slope of the linear segment, «, the age at which the line changes
from linear to quadratic, k¥, and the quadratic parameter, . The first derivative of
by with respect to k is « up to the transition age and then increases by a constant
amount (20) after that. The second derivative is zero up to the transition age and
then constant (20) after that.

The equation that is estimated is then
e = B+ ak + 6di (k™ — 2k k + k?) + e, 4)

where d, = 0ifk < k*and d, = 1if k > k*.

In the data r is sometimes “dominated” in that it is greater than r;,. Under
the assumption that by, never declines with age (after age 40), dominated times must
have large gaps associated with them. The dominated observations are “soft.” For
this reason in the estimation work dominated observations are not used. Since
€, can never be negative, equation (4) is estimated under the restriction that all
estimated gaps are non negative.

For the results in Section 6 “age factors,” denoted Ry, are presented. They are

computed as follows. Let by denote the predicted value of b, using the estimated

values of 3, «, k*, and ¢§ for k = 40, ...,95. Then Ry, is

Ry =ebr/ebo k=40,...,95 . (5)



The Nonparametric Model

The LQ model is tightly parameterized, and it is interesting to see how it does
against a nonparameteric model constrained only by the first and second derivatives
being non-negative and non-decreasing. Letting .A denote the set of ages for which
non-dominated observations exist, this is readily achieved as the solution to the

following quadratic programming problem:

i — by)? 6
{b33-1~1-,%95} kze;l(rk k) ©
subject to
by <mi, ke A (7
by — b1 >0, k=40,...,95 (8)
b — 2bp_1 + bp—o >0, k=140,....95 9)
bk - 3bk71 + Bbk,Q - bk,3 2 0, k == 40, ceey 95 (10)

The constraints are easily understood: constraint (7) forces by, to fall at or below
the observed records at all ages for which data exist; constraint (8) ensures that
the b, curve can never decrease (equivalent to a non-negative first derivative);
constraint (9) enforces convexity (equivalent to a non-negative second derivative);
and constraint (10) ensures that the second derivative is non-decreasing. Note that
even though only records from age 40 through 95 are used in fitting the model, it
is necessary to estimate biological limits at ages 37, 38 and 39 as well to enable
constraints (8)-(10). Solution of this model results in linear/quadratic segments that

provide a lower envelope of the data that minimizes the sum of squared residuals.



3 The Data

Data for six running events were obtained from the site of the Association of Road
Racing Statisticians (AARS): http://www.arrs.net/SARec.htm. The data are AARS
recognized world records by age. Four of the events are road racing events: 5K,
10K, Half Marathon, and Marathon. Two of the events are outdoor track events:
5,000 meters and 10,000 meters. The road racing data are better than those used in
Fair (2007) because they pertain to all runners. The earlier data pertained only to
U.S. citizens. In addition, the data ended in 2003 in the earlier study compared to
2016 in the present study. In Fair (2007) the events were 800 meters, 1,500 meters,
5,000 meters, 10,000 meters, 5K, 10K, and Marathon. For the present study the
first two have been dropped (no data) and the half marathon has been added.

Age 40 was used as the initial age, and, as noted in Section 2, dominated times
were excluded. The number of observations for the 5K, 10K, Half Marathon,
Marathon, 5,000 meters, and 10,000 meters were 32, 31, 33, 33, 38, and 33,
respectively, for a total of 200 observations. The oldest age for each event was 94,
92,91, 90, 95, and 93, respectively. The total number of observations for ages 86
and above was 32.

In Fair (2007) the initial age was taken to be 35 instead of 40. The current
data, however, suggest that there is not much decline between 35 and 40, certainly
less than from age 40 on. The initial age was thus taken to be 40, and no attempt
was made to estimate decline rates before 40. As a rough approximation the data
suggest that there is about a one percent decline over the five-year period 35-39

(total over the five years).



For comparison purposes WMA data were also collected. The site is
http://www.runscore.com/Alan/AgeGrade.html. The most recent 2015 tables were
used. Data for 6 events were obtained: 5K, 10K, Half Marathon, Marathon, 5,000
meters, and 10,000 meters. The Half Marathon and Marathon have the same age
factors, as do the 5,000 meters and 10,000 meters. There are thus 4 different sets
of age factors. Observations were obtained for ages 40 through 95. As noted in
Section 1, the WMA age factors are sometimes used for age scoring in races.

It may be useful to give a sense of why some observations may be soft. A
soft observation can be interpreted as not enough elite runners of the particular
age have run the particular distance to have the biological minimum being close to
being achieved. Consider, for example, the best age 71 marathon time, which is
3:00:58. The best age 73 time is noticeably smaller: 2:54:48—Ed Whitlock. The
best age 83 time is 4:19:07. The best age 85 time is noticeably smaller: 3:56:38—
Ed Whitlock. The slower times at the younger ages can be taken to mean that there
have not been enough Ed Whitlock’s of the particular age running the marathon
to be close to the biological minimum. These are the dominated observations
that have been excluded from the estimation. For a possibly soft non-dominated
observation, take the best age 89 time in the marathon, which is 6:35:38. The best
age 90 time is is essentially the same at 6:35:47. But surely by is noticeably larger
than bgg, which means at least that the gap for age 89 is large. This problem is also
the reason women’s data have not been used in this study. More time is needed to
build up a sample of old women running road races.

Regarding possible changes over time, it may be that the b, curve is shifting

down over time as nutrition, running knowledge, and the like improve. For this



paper it is assumed that the curve does not shift over time. The world record data
are primarily since 1990, and changes in b;, between 1990 and the present are likely
to be modest relative to the fluctuations in 7, due to the soft-times problem. Of the
200 non dominated observations used in the estimation, only 26 occurred before

1990. The earliest was 1975, and there were a total of four in the 1970’s.

4 Pooling

As just discussed, a problem with the data is that there are not many observations
at the very old ages and some of these may be soft. To lessen the sensitivity of
the results to this problem, the six events have been pooled. The six events were
pooled under the assumption that the curve for each event is the same except for
the intercept. For LQ this means that 9 coefficients are estimated in equation (4):
a, 0, k*, and the six [3’s. As noted above, the total number of observations is 200.

Figure 1 provides some support for the pooling, where the non-dominated times
are plotted. It is clear that the points per event reveal very similar patterns across
the ages.

Pooling for the NP model can be achieved by postulating a fixed effects model.
Letting r;; and b;;, denote the observed records and biological minima at age & for

the i*" event, it is postulated that
bir =bip+ i, 1=2,...,6 (11)

where the 3;’s represent event-specific fixed effects. Let .A; denote the set of non-

dominated ages for which there are observations in the i*" event. The quadratic



program objective described above is then modified to be

6
Z Z (Tik - bik)2 (12)

min
{b1,37,-,b1,95.,02,--86} {7 ke A,

and the constraints are modified to be

b = b+ B, i=2,..,6 (13)

b <7, i=1,..,6: ke A (14)

bip — big1 >0, k=40,..,95 (15)

bip — 2011 + brp_a >0, k=40, ...,95 (16)

bik — 3b1k—1 + 3b1p_s — bis_s >0, k=40,..,95 (17)

In addition to defining the biological limits for events 2 through 6 via a constant
translation of the limits for event 1 at each age, the constraints enforce the non-
decreasing convex lower envelope on the observed records for each event. Note
that via the fixed effects, the constraints on events 2 through 6 also impact the

estimation of the biological limits for event 1.

S Use of Extreme Value Theory

The estimation of the two models described above finds the closest possible lower
envelope on the observed data subject to the derivative restrictions, where “close”
is defined according to the squared difference between observed records and the
modeled biological frontier. This section discusses the use of extreme value theory

to estimate the true b;;, curve statistically.
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Extreme value theory (see Chapter 9 in David (1970)) is that branch of proba-
bility that focuses on the distribution of extreme values— maxima and minima—
sampled from populations of interest. This theory applies directly to the current
problem since by definition a world running record is the minimum recorded time
of all attempts at the distance in question. This definition carries over to age-
dependent records, each of which can be recognized as the minimum time observed
to date over all such prior attempts.

The key fact that will be employed is generally attributed to Gnedenko (1943),
which loosely states that for a non-negative random variable, as the sample size
n — 00, if the probability distribution of the observed minimum from a sample of
size n exists, then it must be in the form of the Weibull distribution. In the present
application this means for a given event ¢ and age k that the prior probability
distribution of the random variable R;;, the minimum running time, should be

given by
Pr{Rix < ra} = 1 — e M08 oy > by e > 000 > 0. (18)

In this model, 7, is referred to as the scale parameter, \;; is called the shape
parameter, and b;; is known as the shift parameter. In the present application the
shift parameter b;;, corresponds precisely to the true biological minimum b;; and
is the object of the estimation.

Einmahl and Magnus (2008) previously applied extreme value theory to esti-
mate the fastest times or largest distances possible, but their approach is different
from the current approach in that they did not attempt to estimate biological limits

as a function of age. They instead based their estimates on reports of the m fastest
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times recorded to date for the largest recorded number m available from data.
Their results suggest that observed records for many running events are extremely
close to the minimum achievable. For example, they estimate that only 20 seconds
could be shaved off of the world record for the marathon, while only another 3 to
4 seconds could fall from the existing world record in the 1,500 meters.

Ideally, one would want to identify the scale and shape parameters for all event
and age combinations, but recall that the data provide only one observation—the
world age record time—for 200 age/event combinations. To identify the parameters
it is assumed that the scale and shape parameters are the same for all age/event
pairs. b;; is then modeled using either the LQ model or the NP model, where the
six events are pooled as discussed in Section 4. While clearly a simplification,
assuming that 7;, = n and \;z = A does afford a very simple interpretation of the
results—on average the increase on the log scale from the biological minimum to

the modeled event record, call this Ay, is given by the relatively simple formula

1 1

Diog = <n> 1+ ) (19)

where I'(+) is the well-known gamma function. Equation (19) is just the expected
value of the zero-shift Weibull random variable. This implies that the percentage

decrease from the observed record to the biological minimum is approximately
Percent Decrease = 1 — ¢ 2oz (20)

To estimate extreme value models, instead of minimizing the sum of squared

deviations subject to constraints, maximum likelihood estimation is employed.
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The probability density corresponding to a given observed record 7 is given by
Fran(ri) = nA(rie — ba) e MRy by 1)

Maximum likelihood estimates are most conveniently obtained by maximizing the
sum of the log of the probability densities over all observations. Thus, for the NP
model, the maximum likelihood estimates are the solutions to

max >3 (log(nA)+(A—1) log(ri—bir) —n(ra—bi)") (22)

{b1,37,-..,01,95,82,...86:mA} s =] keA,
subject to constraints (13)—(17). Similarly, the maximum likelihood estimates for
LQ are the solutions to the problem shown above, but with b;;, specified according

to the LQ model in equations (2)—(3).

6 The Results

There are two models to estimate—ILQ and NP—and two estimation methods—
minimizing the sum of squared deviations subject to the constraints and maximum
likelihood. The four sets of estimates will be denoted LQmin, LQml, NPmin,
NPml, respectively. The results from these estimates will be compared to the
WMA results and to the earlier results for the LQ model in Fair (2007). The

results are presented in Tables 1 and 2 and Figures 2 and 3.

2Since the WMA results are the same for the half marathon and marathon, only the marathon
results are presented. Similarly for the 5,000 meters and 10,000 meters; only the 5,000 meter
results are presented. In Table 2 only the 5K and marathon results are presented for WMA. The
WMA age factors were normalized to have them equal 1.0 at age 40 to make them comparable to

the other age factors. The same was true for the age factors in Fair (2007).
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Table 1 first presents the implied age factors for ages 50, 60, 70, 80, 90, and
95, where the age factors are given by equation (5). It then presents the 10-year
rates of decline. Table 2 presents the first and second derivatives of b;;, with respect
to k£ for LQmin, NPmin, WMA 5K, and WMA MA. Figure 2 plots the predicted
values of b;;; for the SK for LQmin, NPmin, WMA. Figure 3 does the same for the
marathon. The actual values in Figures 2 and 3 are the non-dominated times.

The results are similar in Table 1 for the three LQ rows. The estimates of «,
k*, and ¢ are slightly higher for LQmin and LQml versus the LQ estimates in Fair
(2007), which leads to the age factors being slightly higher for LQmin and LQml.
In general, however, the estimates are all fairly close. The estimates are also close
for NPmin versus NPml.

Comparing the LQ rows with the NP rows, NP has slightly lower age factors
through age 70 and higher age factors at age 95. The larger age factors at age 95
reveals a problem with the NP estimates, which can be seen in Table 2 for NPmin.
Atage 89 there is a large jump in the second derivative, which means a large change
in the decline rate after that. There is also a large jump at age 93. Although not
shown, NPml has a large jump at age 88. These large jumps do not seem sensible
biologically (there is nothing magic about ages 89 and 93), and so the NP estimates
after age 88 are not trustworthy.

The WMA age factors are close to those for LQ Fair (2007). This is not,
however, completely independent information because the LQ Fair (2007) results
have probably influenced the WMA results in various (subjective) ways. The main
difference between the current LQ age factors and the WMA age factors is at the

very old ages, where the WMA age factors are smaller. Table 2 shows what is
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problematic about the WMA results. The second derivatives are not always non
decreasing, and in five cases for the marathon they are negative. So the biology is
probably not quite right.

Looking at Table 2 more closely, for LQmin the second derivative is zero up
to age 78 and then after a transition it is constant at 0.004444 from age 80 on.
For NPmin the second derivative is zero up to age 64, 0.000193 at age 64, then
0.000331 up to age 75, then 0.001532 up to age 82, then 0.002515 up to age 89,
then 0.011308 up to age 93, and then 0.020437 after that. There are thus seven
linear/quadratic segments for NPmin, compared to one, of course, for LQmin,
where the last two segments for NPmin are not sensible.

Figures 2 and 3 show the closeness of LQmin and NPmin except at the very
old ages, where NPmin increases faster. For the WMA lines, they decrease slower
at the very old ages. The two figures give a good sense of what is being estimated.
Remember that because of pooling the SK and marathon lines for LQmin and for
NPmin are the same except for the intercept. The plots for LQml and NPml are
very close to those for LQmin and NPmin, and these have not been presented for
space reasons.

Consider now more detailed results behind the extreme value estimates LQml
and NPml. For the NP model, 77 = 20.81 and \ = 1.20, while for the LQ model
1 = 12.65 and A = 1.01. Via equation (19) the average log increase of existing
records over the biological minimum is equal to 0.0743 and 0.0799 for the NP
and LQ models respectively. From equation (20), these estimates imply that the
average percentage decrease from observed records to the biological minimum

approximately equals 0.0716 and 0.0768 respectively. Clearly these estimates
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qualitatively convey the same information and suggest that one should not be
surprised to see existing records fall by about 7.5 percent on average. This result is
quite different from that reported by Einmahl and Magnus (2008). As mentioned
earlier, they estimated that the men’s marathon record could only be expected to
fall by 20 seconds; by contrast, our analysis suggests that the marathon record

could be reduced by nine minutes or more.

7 Comparing Fits

Recall that the gaps ¢, reflect distance from the (upper bounded) biological min-
imum b;, to the extant record rj, and as such are not measurement errors in the
usual sense. Nonetheless it is worth discussing briefly the closeness of the con-
vex hulls for the LQ and NP models. That the NP model “fits” better is obvious
from a cursory examination of Figures 2 and 3. The sum of squared deviations
produced by the NP model equals 1.80, a reduction of 17 percent from the LQ sum
of squared deviations of 2.18. However, this reduction comes at considerable cost.
While the NP model can indeed be thought of as nonparametric subject only to
the constraints that the resulting b;’s are non-decreasing and convex with respect
to age, this model actually requires the estimation of 59 parameters: one for each
age from 42 to 95 inclusive, plus an additional five fixed effects to enable pooling
over all six running events.

To put this in perspective, with 200 actual non-dominated running records used
to fit the models in this paper, the LQ model with its nine free parameters averages

22.2 observations per parameter, while the NP model averages 200/59 = 3.4 ob-
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servations per parameter estimated. All told, the NP does what is is asked to do,
namely, produce the least squares lower convex envelope for the data presented
subject to the constraints stated earlier. Biologically, it is difficult to argue why the
specific number of resulting breakpoints occurs, in addition to the specific place-
ment of these breakpoints. Ease of model interpretation plus biological plausibility
argues in favor of the LQ model, in spite of the slightly better fit offered by NP.
The extreme value estimation also reveals information about the the compar-
ative fit of the NPml versus LQml estimates. The nonparametric log likelihood
equals 325.27, only marginally larger than the LQ log likelihood of 319.00. To
gain a sense for how close these numbers are, in standard maximum likelihood
problems, twice the difference in log likelihoods has a chi-square distribution with
degrees of freedom equal to the difference in the number of parameters estimated.
Comparing LQ and the NP models, twice the log likelihood difference equals 12.54,
while the difference in the number of parameters estimated equals 50. To reject
the LQ model in favor of the nonparametric alternative at the usual 5 percent level
of significance would require twice the difference in log likelihoods to equal or
exceed 67.5, a number far larger than the observed value of 12.54. While strictly
speaking the standard maximum likelihood results do not apply to our problem
owing to the constraints imposed, it is clear that the improvement in fit from the
NP model over the LQ model is insufficient to warrant rejecting LQ. That both

models produce similar values of Ay, is further testimony to the satisfactory fit of

LQ.
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8 Conclusion

The support for the LQ model in this paper suggests that there is linear decline
in percentage terms up to the late 70’s and then quadratic decline after that. The
estimates at the very old ages must be interpreted with caution because of the
small number of observations and the fact that some of the observations may be
soft. This is the main limitation of the paper. In the future as more observations
become available at the old ages, one will be better able to pin down the decline
rates at the old ages.

It is interesting that even though the extreme value theory requires a strong
assumption about the distribution of the gaps, the estimated decline rates using
this theory are quite similar to those estimated by minimizing the sum of squared
deviations. If the extreme value results are to be trusted, they suggest that on
average the true biological frontier is about 8 percent below the currently estimated
frontier.

Regarding the WMA age factors that are currently used in some races, they are
fairly close to the LQ age factors except at the old ages, where they are noticeably
lower. They also do not meet the second derivative restriction, which should be
corrected.

As noted in the Introduction, the LQ results are encouraging to humankind in
that there is only linear percentage decline up to the late 70’s and that after age 90
the age factors are only a little over two.

The age factors for LQmin are presented on the website:

https://fairmodel.econ.yale.edu/aging/upd2017.htm. This site can be used for age
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grading running times. An individual male runner can also use the site to compute
how fast he should be slowing down as he ages, assuming that he slows down at
the same percentage rate as the age factors imply. Women runners can also use
the site under the further assumption that the age factors also pertain to them.
Until more data are available for old women runners, using the male age factors

is probably the best that one can do.
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Table 1

Coefficient Estimates and Implied Age Factors

Estimates Age Factors No. Max

a ];'* 5 R50 R6U R70 RSU Rgg R95 Obs. Age

LQ: Fair(2007) 0.0080 75.1 0.00164 1.08 1.17 127 1.43 215 299 267 96

LQmin 0.0098 77.6 0.00222 1.10 1.22 134 150 230 336 200 95

LQml 0.0099 79.7 0.00298 1.10 1.22 1.35 1.49 225 3.47 200 95

NPmin 1.09 1.20 1.32 1.55 2.25 386 200 95

NPml 1.08 1.17 1.29 1.53 220 3.86 200 95
WMA 5K 1.08 1.16 1.27 1.51 2.12 2.84
WMA 10K 1.08 1.18 1.30 1.55 2.19 2.97
WMA MA 1.08 1.18 1.30 1.55 2.19 2.97
WMA 5,000M 1.08 1.18 1.29 1.54 2.19 298
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Table 1 (continued)

10-year Rates of Decline (percentage points)

41-50 51-60 61-70 71-80 81-90 86-95
LQ: Fair (2007) 8.4 8.4 84 128 50.1 769
LQmin 103 103 103 11.7 532 913
LQml 10.5 105 105 105 51.5 104.0
NPmin 9.5 95 104 169 451 116.6
NPml 7.9 82 10.1 188 443 122.0
WMA 5K 7.6 8.2 94 187 40.1 63.0
WMA 10K 8.4 92 102 187 414 664
WMA MA 8.5 95 105 180 41.1 665
WMA 5,000M 8.0 8.8 99 192 421 673
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Table 2

First and Second Derivatives)

NPmin
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0.9073
0.9073
0.9073
0.9073
0.9073
0.9073
0.9073
0.9073
0.9073

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000
23

0.7150
0.7202
0.7254
0.7307
0.7361
0.7415
0.7471
0.7527
0.7584
0.7642
0.7701
0.7761
0.7821
0.7883
0.7945
0.8009
0.8074
0.8140
0.8206

0.0051
0.0051
0.0052
0.0053
0.0054
0.0055
0.0055
0.0056
0.0057
0.0058
0.0059
0.0060
0.0061
0.0062
0.0063
0.0064
0.0065
0.0066
0.0067

0.7692
0.8172
0.8239
0.8308
0.8269
0.8447
0.8519
0.8592
0.8667
0.8630
0.8819
0.8897
0.8977
0.9058
0.9023
0.9224
0.9310
0.9398
0.9487

0.0778
0.0480
0.0067
0.0068
-0.0038
0.0178
0.0072
0.0073
0.0074
-0.0037
0.0189
0.0078
0.0080
0.0081
-0.0035
0.0201
0.0086
0.0087
0.0089



LQmin

100
Aby,

100
A2,

Table 2 (continued)

NPmin

100
Aby,

100
A

WMA 5K

100
Aby,

100
A2y,

WMA MA

100
Aby,

100
A2y,

61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80

0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
1.0152
1.3748
1.8192

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0324
0.3595
0.4444

0.9073
0.9073
0.9073
0.9266
0.9597
0.9928
1.0259
1.0589
1.0920
1.1251
1.1582
1.1912
1.2243
1.2574
1.4106
1.5638
1.7171
1.8703
2.0235
2.1767

0.0000
0.0000
0.0000
0.0193
0.0331
0.0331
0.0331
0.0331
0.0331
0.0331
0.0331
0.0331
0.0331
0.0331
0.1532
0.1532
0.1532
0.1532
0.1532

0.1532
24

0.8274
0.8343
0.8413
0.8485
0.8557
0.8631
0.8706
0.9178
1.0194
1.0971
1.2046
1.3020
1.4171
1.5085
1.6326
1.7478
1.8687
2.0111
2.1460
2.2888

0.0068
0.0069
0.0070
0.0071
0.0073
0.0074
0.0075
0.0472
0.1016
0.0777
0.1074
0.0974
0.1151
0.0914
0.1241
0.1152
0.1209
0.1424
0.1349
0.1428

0.9454
0.9669
0.9764
0.9860
0.9958
0.9929
1.0159
1.0263
1.0370
1.0478
1.0999
1.2088
1.3356
1.4389
1.5609
1.6883
1.8368
1.9626
2.1109
2.2837

-0.0033
0.0215
0.0094
0.0096
0.0098

-0.0029
0.0230
0.0104
0.0106
0.0109
0.0520
0.1089
0.1268
0.1033
0.1220
0.1274
0.1485
0.1258
0.1482
0.1729



Table 2 (continued)

LQmin NPmin WMA 5K WMA MA

100 100 100 100 100 100 100 100

Age  Abg A2, Aby, A2y, Aby, A2, Aby, A2,
81 22636 0.4444 23300 0.1532 2.4405 0.1517 2.4350 0.1513
82 27080 0.4444 25815 0.2515 2.6023 0.1618 2.6130 0.1780
83 3.1524 0.4444 28331 0.2515 2.7926 0.1903 2.8209 0.2079
84 3.5968 0.4444 3.0846 0.2515 2.9795 0.1869 3.0093 0.1884
85 4.0412 0.4444 33361 0.2515 3.1812 0.2016 3.2310 0.2217
86 4.4856 0.4444 3.5877 0.2515 3.4187 0.2375 3.4718 0.2408
87 49300 0.4444 3.8392 0.2515 3.6382 0.2195 3.7543 0.2825
88 5.3744 0.4444 4.0908 0.2515 3.9189 0.2807 4.0239 0.2696
89 5.8188 0.4444 5.2216 1.1308 4.2070 0.2880 4.3426 0.3187
90 6.2632 0.4444  6.3524 1.1308 4.5482 0.3413 4.7194 0.3768
91 6.7076 0.4444 7.4832 1.1308 4.8824 0.3341 5.0950 0.3756
92 7.1520 0.4444  8.6140 1.1308 5.3063 0.4239 5.5435 0.4484
93 7.5964 0.4444 10.6576 2.0437 5.7610 0.4547 6.0812 0.5377
94 8.0408 0.4444 127013 2.0437 6.3088 0.5477 6.6453 0.5641
95 8.4852 0.4444 14.7449 2.0437 6.8833 0.5746 7.3322 0.6869

25
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Figure 2
Log Running Times
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Figure 3
Log Running Times
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